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Description

BACKGROUND

[0001] This description relates to computer simulation of physical processes, such as physical fluid flows.
[0002] High Reynolds number flow has been simulated by generating discretized solutions of the Navier-Stokes dif-
ferential equations by performing high-precision floating point arithmetic operations at each of many discrete spatial
locations on variables representing the macroscopic physical quantities (e.g., density, temperature, flow velocity). Another
approach replaces the differential equations with what is generally known as lattice gas (or cellular) automata, in which
the macroscopic-level simulation provided by solving the Navier-Stokes equations is replaced by a microscopic-level
model that performs operations on particles moving between sites on a lattice.
[0003] The Lattice Boltzmann Method (LBM) has been used for a wide range of industrial applications involving complex
geometries. However, in some instances LBM is often limited to low Mach number flows (or Mach flows), e.g., in appli-
cations involving low speed flows (of about Mach numbers <0.3). The existing LBM approach for solving scalars such
as energy or scalar concentration in multi-species flows, use finite difference-based solvers. These finite difference-
based solvers take away many of the advantages of the LBM approach, such as localized computation, high scalability
and grid independent solutions.

SUMMARY

[0004] Discussed below are techniques that can overcome many of the above fundamental limitations of LBM for high
speed flows, and thus allow the use of LBM for simulation of a wide range of applications involving not only low speed
flows (e.g., <0.3 Mach number) but high-speed flows as well such as, e.g., > 0.3 Mach number, and supersonic flows
(e.g., Mach >1.0 and hypersonic or at least multiples of Mach numbers).
[0005] Instead of using finite difference approaches, the techniques discussed below use additional distribution func-
tion(s) and scalar solver(s) for scalar(s). The use of scalar solvers maintains those advantages of the LBM technique
that are otherwise lost with the use of finite difference-based solvers. These distribution functions are strongly coupled
with flow distribution, i.e., these functions are carried by the flow particles along the lattice directions.
[0006] According to an aspect, a computer implemented method includes simulating by a computing system using a
scalar lattice velocity set, movement of scalar particles representing a scalar quantity in a volume of fluid, with the scalar
particles carried by flow particles of the volume of fluid, and with the movement of the scalar particles causing collisions
among the scalar particles and evaluating, a non-equilibrium post-collide scalar distribution function of a specified order
that is representative of the scalar collision.
[0007] The following are some of the features among other features as disclosed herein, within the scope of the above
aspect.
[0008] The non-equilibrium post-collide scalar distribution function is Galilean invariant. The non-equilibrium post-
collide scalar distribution function is related to relative velocity of the flow particles in the volume of fluid. The movement
of the scalar particles causing collisions among the scalar particles results in a diffusion of scalar quantity through the
volume.
[0009] The method further includes simulating by the computing system using a flow lattice velocity set, movement of
flow particles representing the volume of fluid, with the movement of the flow particles causing collisions among the flow
particles and evaluating, a non-equilibrium post-collide flow distribution function of a specified order that is representative
of the flow collision.
[0010] The scalar lattice velocity set, the scalar quantity and the non-equilibrium post-collide scalar distribution function
are respectively a first scalar lattice velocity set, a first scalar quantity, and a first non-equilibrium post-collide scalar
distribution function, and the method further includes simulating, in the computer using a second, different scalar lattice
velocity set, movement of second scalar particles representing a second, different scalar quantity in the volume of fluid,
with the second scalar particles carried by the flow particles in the volume of fluid, and with the movement of the second
scalar particles causing collisions among the second scalar particles; and based on the movement of the second scalar
particles and evaluating, a second, different non-equilibrium post-collide scalar distribution function of a specified order
that is representative of the second scalar collision.
[0011] The non-equilibrium post-collide scalar distribution function retains non-equilibrium moments for the scalar
quantity, and eliminates non-equilibrium moments for the scalar quantity higher than the specified order. The scalar
lattice velocity set supports hydrodynamic movements up to a specified order of a scalar particle speed. The specified
order is an exponential value associated with a ratio of the fluid velocity to lattice sound speed and the lattice velocity
set supports the exponential value. The specified order is selected from the zeroth order, the first order, and the second
order.
[0012] The method further includes determining using the flow lattice velocity set, relative particle velocities of particle
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at particular locations within the volume of fluid, with the relative particle velocities being differences between absolute
velocities of the particles at the particular locations measured under zero flow of the fluid in the volume and a mean
velocity of the particles at the particular location within the volume and determining, based on the relative particle velocity,
a non-equilibrium post-collide distribution of a specified order that is representative of the collision of the particles.
[0013] For fluid flows of a macroscopic regime the specified order is a first order moment proportional to the gradient
of the scalar. The non-equilibrium post-collide scalar distribution is proportional to a summation over the scalar lattice
velocity set of the Hermite polynomial divided by a factorial of the order times a non-dimensional velocity of the fluid.
[0014] The non-equilibrium post-collide scalar distribution is related to the summation multiplied by a weight factor
corresponding to weighting factor of particle distribution function.
[0015] According to an additional aspect, a computer system includes one or more processors and memory operatively
coupled to the one or more processors, a computer storage device that stores instructions to cause the one or more
processors to simulate using a scalar lattice velocity set, movement of scalar particles representing a scalar quantity in
a volume of fluid, with the scalar particles carried by flow particles of the volume of fluid, and with the movement of the
scalar particles causing collisions among the scalar particles, and evaluate, a non-equilibrium post-collide scalar distri-
bution function of a specified order that is representative of the scalar collision.
[0016] The non-equilibrium post-collide scalar distribution function is Galilean invariant. The non-equilibrium post-
collide scalar distribution function is related to relative velocity of the flow particles in the volume of fluid. The movement
of the scalar particles causing collisions among the scalar particles results in a diffusion of scalar quantity through the
volume.
[0017] The computer system further includes instructions to simulate using a flow lattice velocity set, movement of
flow particles representing the volume of fluid, with the movement of the flow particles causing collisions among the flow
particles, and evaluate a non-equilibrium post-collide flow distribution function of a specified order that is representative
of the flow collision.
[0018] The scalar lattice velocity set, the scalar quantity and the non-equilibrium post-collide scalar distribution function
are respectively a first scalar lattice velocity set, a first scalar quantity, and a first non-equilibrium post-collide scalar
distribution function, and the computer system further includes instructions to simulate, in the computer using a second,
different scalar lattice velocity set, movement of second scalar particles representing a second, different scalar quantity
in the volume of fluid, with the second scalar particles carried by the flow particles in the volume of fluid, and with the
movement of the second scalar particles causing collisions among the second scalar particles, and based on the move-
ment of the second scalar particles, evaluate a second, different non-equilibrium post-collide scalar distribution function
of a specified order that is representative of the second scalar collision.
[0019] The following are some of the features among other features as disclosed herein, within the scope of the above
aspect.
[0020] According to an additional aspect, a computer program product stored on an non-transitory computer readable
medium including instructions for causing a system comprising one or more processors and memory storing a program
to simulate using a scalar lattice velocity set, movement of scalar particles representing a scalar quantity in a volume of
fluid, with the scalar particles carried by flow particles of the volume of fluid, and with the movement of the scalar particles
causing collisions among the scalar particles, and evaluate, a non-equilibrium post-collide scalar distribution function of
a specified order that is representative of the scalar collision.
[0021] The following are some of the features among other features as disclosed herein, within the scope of the above
aspect.
[0022] The non-equilibrium post-collide scalar distribution function is Galilean invariant. The non-equilibrium post-
collide scalar distribution function is related to relative velocity of the flow particles in the volume of fluid.
[0023] The movement of the scalar particles causing collisions among the scalar particles results in a diffusion of
scalar quantity through the volume. The computer program product further includes instructions to simulate using a flow
lattice velocity set, movement of flow particles representing the volume of fluid, with the movement of the flow particles
causing collisions among the flow particles, and evaluate a non-equilibrium post-collide flow distribution function of a
specified order that is representative of the flow collision.
[0024] The scalar lattice velocity set, the scalar quantity and the non-equilibrium post-collide scalar distribution function
are respectively a first scalar lattice velocity set, a first scalar quantity, and a first non-equilibrium post-collide scalar
distribution function, and the computer system further includes instructions to simulate, in the computer using a second,
different scalar lattice velocity set, movement of second scalar particles representing a second, different scalar quantity
in the volume of fluid, with the second scalar particles carried by the flow particles in the volume of fluid, and with the
movement of the second scalar particles causing collisions among the second scalar particles; and based on the move-
ment of the second scalar particles, evaluate a second, different non-equilibrium post-collide scalar distribution function
of a specified order that is representative of the second scalar collision.
[0025] One or more of the aspects may include one or more of the following advantages.
[0026] The techniques disclosed herein can be used in complex fluid flow simulations to concurrently solve scalar



EP 3 816 842 A1

4

5

10

15

20

25

30

35

40

45

50

55

quantities such as temperature distribution, concentration distribution, and/or density in conjunction with solving for fluid
flow. In the systems and methods described herein, modeling of the scalar quantities (as opposed to vector quantities)
is coupled with the modeling of the fluid flow based on a LBM-based physical process simulation system. Exemplary
scalar quantities that can be simulated include temperature, concentration, and density.
[0027] Other features and advantages will be apparent from the following description, including the drawings, and the
claims.

BRIEF DESCRIPTION OF THE DRAWINGS

[0028]

FIG. 1 depicts a system for simulation of fluid flows, which includes a scalar solver.
FIG. 2 depicts a flow chart showing operations for formulation of a Lattice Boltzmann Model simulation with the
scalar solver.
FIG. 3 depicts a flow chart showing simulation operations using the Lattice Boltzmann model.
FIG. 4 depicts a flow chart showing simulation operations using the scalar solver.
FIG. 5 is a flow chart of a process for generating a distribution function for collision transport.
FIG. 6 is a flow chart of a process for generating a scalar solver that can be used in various high-speed fluid simulation
applications.
FIGS. 7 and 8 illustrate velocity components of two LBM models (prior art).
FIG. 9 is a flow chart of a procedure followed by a physical process simulation system.
FIG. 10 is a perspective view of a microblock (prior art).
FIGS. 11A and 11B are illustrations of lattice structures (prior art).
FIGS. 12 and 13 illustrate variable resolution techniques (prior art).
FIG. 14 illustrates regions affected by a facet of a surface (prior art).
FIG. 15 illustrates movement of particles from a voxel to a surface.
FIG. 16 illustrates movement of particles from a surface to a surface.
FIG. 17 is a flow chart of a procedure for performing surface dynamics.

DETAILED DESCRIPTION

General Approach to Solving Scalar Quantities

[0029] In the systems and methods described herein, modeling of scalar quantities (as opposed to vector quantities)
is coupled with the modeling of a fluid flow using a LBM-based physical process simulation system. Exemplary scalar
quantities that can be simulated include temperature, concentration, and density.
[0030] An automated process, for a fluid flow simulation is performed by a simulation engine 34, for example, as
described in U.S. Patent Application No. 11/463,673, entitled Computer Simulation of Physical Process (now issued as
U.S. Patent No. 7,558,714) incorporated herein in its entirety by reference. However, this simulation engine also includes
a scalar solver for solving for scalar quantities such as temperature, concentration and density.
[0031] In the procedure discussed in FIG. 9 below, a flow simulation process is described using the flow solver and
the scalar solver for collision transport. In FIGS. 7, 8 and 10-16 those figures are labeled "prior art." These figures are
labeled prior art because these figures generally appear in the herein referenced patents. However, these figures, as
they appear in the referenced patents, do not take into consideration any modifications that would be made to a flow
simulation using the scalar solver approach described below, because such scalar solver approach is not described in
the referenced patents.

1. Model Simulation Space

[0032] In a LBM-based physical process simulation system, fluid flow is represented by the distribution function values
fi, evaluated at a set of discrete velocities ci. The dynamics of the distribution function is governed by the equation below,

where  is known as the equilibrium distribution function, defined as: 
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where  is known as the equilibrium distribution function defined in Eq.(1.3) below. This equation is the well-known
lattice Boltzmann equation that describes the time-evolution of the distribution function, fi. The left-hand side represents
the change of the distribution due to the so-called "streaming process." The streaming process is when a pocket of fluid
starts out at a grid location, and then moves along one of the velocity vectors to the next grid location. At that point, the
"collision factor," i.e., the effect of nearby pockets of fluid on the starting pocket of fluid, is calculated. The fluid can only
move to another grid location, so the proper choice of the velocity vectors is necessary so that all the components of all
velocities are multiples of a common speed.
[0033] The right-hand side of the first equation is the aforementioned "collision operator" which represents the change
of the distribution function due to the collisions among the pockets of fluids. The particular form of the collision operator
used here is due to Bhatnagar, Gross and Krook (BGK). It forces the distribution function to go to the prescribed values
given by the second equation, which is the "equilibrium" form.
[0034] From this simulation, conventional fluid variables, such as mass ρ and fluid velocity u, are obtained as simple
summations. The LBM model can be implemented efficiently on scalable computer platforms and run with great robust-
ness for time unsteady flows and complex boundary conditions.
[0035] A standard technique of obtaining the macroscopic equation of motion for a fluid system from the Boltzmann
equation is the Chapman-Enskog method in which successive approximations of the full Boltzmann equation are taken.
[0036] In a fluid system, a small disturbance of the density travels at the speed of sound. In a gas system, the speed
of the sound is generally determined by the temperature. The importance of the effect of compressibility in a flow is
measured by the ratio of the characteristic velocity and the sound speed, which is known as the Mach number.
[0037] Referring now to FIG. 1, a system 10 that includes a flow solver 34c and a scalar solver 34c’ for high-speed
flows is described. The system 10 in this implementation is based on a client-server or cloud-based architecture and
includes a server system 12 implemented as a massively parallel computing system 12 (stand alone or cloud-based)
and a client system 14. The server system 12 includes memory 18, a bus system 11, interfaces 20 (e.g., user interfac-
es/network interfaces/display or monitor interfaces, etc.) and a processing device 24. In memory 18 are a mesh prepa-
ration engine 32 and a simulation engine 34.
[0038] While FIG. 1 shows the mesh preparation engine 32 in memory 18, the mesh preparation engine can be a
third-party application that is executed on a different system than server 12. Whether the mesh preparation engine 32
executes in memory 18 or is executed on a different system than server 12, the mesh preparation engine 32 receives
a user-suppled mesh definition 30, and the mesh preparation engine 32 prepares a mesh and sends (and or stores) the
prepared mesh to the simulation engine 34 according to a physical object that is being modeled for simulation by the
simulation engine 34. The system 10 accesses a data repository 38 that stores 2D and/or 3D meshes (Cartesian and/or
curvilinear), coordinate systems, and libraries.
[0039] The simulation engine includes a collision interaction module 34a for flow particles and a collision interaction
module 34a’ for scalar particles, a boundary module 34b and the simulation engine 34 evaluates a flow solver 34c for
fluid particle collision transport and a scalar solver 34c’ for scalar particle transport. The simulation engine 34 also
includes an advection flow collision interaction module 34d and an advection scalar particle collision interaction module
34d’ that advance flow particles along with the scalar particles to next cells in the mesh.
[0040] A discussion of the flow solver 34c is set out in the above-mentioned patent, as well as in FIG. 5. A discussion
of the scalar solver 34c’ is set out below and in FIG. 6.
[0041] Referring now to FIG. 2, a process 40 for simulating fluid flow about a representation of a physical object is
shown. In the example that will be discussed herein, the physical object is an airfoil. The use of an airfoil is merely
illustrative, however, as the physical object can be of any shape, and in particular can have planar and/or curved
surface(s). The process 40 receives 42, e.g., from client system 14 or retrieves from the data repository 38, a mesh (or
grid) for the physical object being simulated, e.g., the airfoil. In other embodiments, either an external system or the
server 12 based on user input, generates the mesh for the physical object being simulated.
[0042] The process 40 receives 42, e.g., from client system 14 or retrieves from the data repository 38, a three-
dimensional representation for the airfoil. The process precomputes 44 geometric quantities from the retrieved mesh
and performs dynamic Lattice Boltzmann Model simulation 45 using the precomputed geometric quantities corresponding
to the retrieved mesh. Lattice Boltzmann Model simulation 45 includes the simulation evolution of particle flow distribution
46 and performing boundary layer processing 48 when the flows impact a physical surface. The movement of the flow
particles causes collisions among the flow particles that are used in the flow solver 34c.
[0043] Process 40 also simulates 47 one or more additional scalar particle distributions using a scalar lattice velocity
set and performs the boundary layer processing 48 of the scalar particles when the flows that carry the scalar particles
impact a physical surface, as discussed above. These scalar particles represent movement of a scalar quantity in the
volume of fluid, which scalar quantity is carried by the flow of the particles of the volume of fluid. The movement of the
scalar particles causes collisions among the scalar particles that are used in the scalar solver 34c’. The process performs
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the advection 52 of flow particles and the scalar particles to a next cell in the LBM mesh.
[0044] Referring now to FIG. 3, the Lattice Boltzmann simulation process 46 simulates 46a evolution of flow particle
distribution according to a lattice Boltzmann equation (LBE). The process 46 (see FIG. 2) performs a collision operation
46b (and collecting an incoming set of distributions from neighboring mesh locations from the collision operation),
evaluates 46c flows at physical boundaries according to boundary modeling, and an advection 46d of particles to next
cells in the LBM space. Details of LB collision solver 34c are set out in U.S. Patent No. 9,576,087 (which is incorporated
by reference in its entirety), as well as in portions of the discussion below.
[0045] Referring to FIG. 4, the Lattice Boltzmann simulation process 45 also includes a scalar particle distribution 47
according to a lattice Boltzmann equation (LBE). The LB scalar distribution is executed in parallel with the flow distribution
45a-45c of the simulation 45. The LB scalar solver portion 47 simulates 47a evolution of scalar particle distribution
according to a lattice Boltzmann equation (LBE), performs a collision operation 47b (collecting an incoming set of
distributions from neighboring mesh locations from the collision operation), evaluates 47c flows at physical boundaries
according to boundary modeling, using the scalar solver 34c’, and performs an advection 47d of scalar particles to next
cells in the LBM space.
[0046] Details of the Lattice Boltzmann scalar solver (LB scalar solver or simply scalar solver) are set out below and
in FIG. 6.
[0047] Consider that the time evaluation of the flow distribution and scalar distribution functions are given by, respec-
tively: 

where in equation Eq.(1.2) q - represents a specific scalar solver. Equation Eq.(1.2) thus is derived from equation Eq.(1.1),
with terms in equation Eq.(1.2) that are a function of, q. Further, i is an index number of lattice velocities in the set; ci is
the lattice velocity; x is the particular location within the volume; t is a particular point in time; dt is the time increment;

fi.eq is the equilibrium distribution of particles;  is the equilibrium distribution of scalar; fi is the actual particle distribution

of the flow; qi is the actual amount of scalar distribution;  is referred as post collide distribution of particles;  is
referred as post collide distribution of scalar; Ωfi represents the collision of fluid particles, and a specific form thereof is
discussed below; and Ωqi represents the collision of scalar particles and its specific form is discussed below.
[0048] As given by Eq.(1.2) the scalar distribution is multiplied by the flow distribution, which can be visualized as a
scalar quantity being carried along with the flow particles. The total scalar quantity (specific scalar multiplied by density)
is given by (pq) = ∑i(fiqi). The equilibrium particle density distribution in terms of the Hermite polynomials is given by

where  is the non-dimensional lattice velocity;  is the non-dimensional fluid velocity;

 is the temperature constant specific to the lattice set used;
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is the Nth order Hermite polynomial; ρ is the density of fluid; and wi is a lattice weight factor.
[0049] The equilibrium distribution for scalar value is simply its average value at the location at a given time is given as: 

2. Collision Process

[0050] The collision process is one of the two fundamental processes in the molecular dynamics, the other process
being advection. The stability of an LBM solver relies upon the collision method employed. The collision process in the
LBM serves the same purpose as that of collision of molecules in a real fluid system. The collision process obeys
fundamental physics requirements, such as conservation of mass and momentum. In the case of a scalar solver, the
scalar solver has to conserve the scalar concentration. The above quantities, such as velocity, density and scalar
concentration are computed by taking the moments of the distribution functions (summation of distribution functions
multiplied by the lattice velocities).

wherein i is an index number of lattice velocities in the set; x is the particular location within the volume; fi is the actual
particle distribution of the flow; qi is the actual amount of scalar distribution; t is a particular point in time; ρ is the density
of fluid; u is the velocity of the flow; and q is the scalar concentration.
[0051] The collision process is extremely complex and highly non-linear. A simple collision operator, the so called the
BGK collision, expresses collision in a linear form as: 

where i is an index number of lattice velocities in the set; fi.eq is the equilibrium distribution of particles;  is the
equilibrium distribution of scalar; fi is the actual particle distribution of the flow; qi is the actual amount of scalar distribution;
Ωfi represents the collision of particles; Ωqi represents the collision of scalar; τ is relaxation time for flow; and τq is
relaxation time for scalar.
[0052] The selection of the relaxation time depends on the real physical properties of the fluid. For a flow solver 34c,
the value of the relaxation time τ is a function of fluid viscosity 

and for scalar particles the relaxation time, τq, depends on its diffusivity, 



EP 3 816 842 A1

8

5

10

15

20

25

30

35

40

45

50

55

where τ is relaxation time for flow; τq is relaxation time for scalar; T0 is the temperature constant of the lattice set used;
v is the kinematic viscosity of the flow; K is the diffusivity of the scalar.
[0053] The moments of the equilibrium distribution functions, Eq.(1.3) and Eq.(1.4), related to conserved quantities,
are identical to the moments of the actual distributions as defined by Eq.(2.1) and Eq.(2.2), respectively. Thus, the BGK
collision form satisfies all necessary physical constraints, the conservation of mass, momentum and scalar concentration. 

[0054] Any collision operator used needs to satisfy above constraints to simulate real physical phenomena.

3. Regularized Collision Operator

[0055] In addition to the moments discussed earlier, the following higher order moments related to momentum flux
and scalar flux are of equal importance. 

where εi is the non-dimensional velocity; i is an index number of lattice velocities in the set; x is the particular location

within the volume; t is a particular point in time; πeq(x, t) is the momentum flux of the equilibrium distribution function;

ϕeq(x, t) is the scalar flux of the equilibrium distribution function;  is the equilibrium distribution of particles;  is
the equilibrium distribution of scalar; u is the non-dimensional fluid velocity; p is the pressure of the fluid.
[0056] Similarly, the higher order moments for the actual particle distribution function and scalar distribution function
is given by: 
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 where π is the actual momentum flux; and ϕ is the actual scalar flux. These moments π(x, t) and ϕ(x, t) can be split into
two; one moment due to equilibrium contribution given by Eq.(3.1) and Eq.(3.2) and another moment due to non-
equilibrium flux contributions. The non-equilibrium flux contributions arise due to the deviation of actual distribution
functions from its equilibrium counterpart. 

where πneq(x, t) is the non-equilibrium contribution to the momentum flux; ϕneq(x, t) is the non-equilibrium contribution
to the scalar flux.
[0057] The lattice sets used for LBM have a finite number of lattice directions and thus support a finite number of
moments, known as an "order" of the lattice. Due to this limitation of the lattice set, the BGK collision that involves all
higher order moments of the non-equilibrium, results in low stability range.
[0058] A regularized collision operator, also known as filtered collision operator, as set out U.S. Patent No. 9,576,087,
which is incorporated by reference in its entirety, can be used to enhance the stability of LBM by computing only the
necessary moments and relaxing them during the collision process. A form of the filtered collision operator can be
expressed as:

where εi is the non-dimensional velocity of ith lattice; i is an index number of lattice velocities in the set; x is the particular

location within the volume; t is a particular point in time;  is the Hermite polynomial; πneq is the non-equilibrium
contribution to the momentum flux; ϕneq is the non-equilibrium contribution to the scalar flux; Ωfi represents the collision
of particles; Ωqi represents the collision of scalar.

4. Galilean Invariance in Collision Operator

[0059] The filtered collision forms above are useful in applications involving relatively low fluid flow velocities (e.g., <
0.3 Mach). From the basic principle of Galilean invariance, the distribution functions, both equilibrium and non-equilibrium
distributions of a many-particle system should be a function of particle velocities relative to their local fluid velocity rather
than any particular reference frame (for instance, the reference frame of the lattice at rest). Indeed, it can be shown that
the infinite Hermite expanded equilibrium distribution function admits a compact and Galilean invariant form similar to
the Maxwell-Boltzmann distribution, as in Eq.(4.1). 

where i is an index number of lattice velocities in the set; εi is the non-dimensional lattice velocity; ρ is the density of

flow; wi is the lattice weight factor; u is the non-dimensional fluid velocity at any given location; and  is the equilibrium
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distribution of particles.
[0060] Eq.(4.1) is expressed in terms of (εi - u), which is the particle velocity relative to the local fluid velocity. Clearly
εi is the particle velocity in the reference frame of the lattice at rest. Therefore, a similar compact Galilean invariant form
for the non-equilibrium distribution function could be used. A first task for accomplishing the above is to redefine the
proper hydrodynamic moments.
[0061] Instead of Eq.(3.5) and Eq.(3.6) that are defined in the particular absolute reference frame of lattice at rest,
they need to be replaced by the corresponding ones in the relative reference frame in terms of the relative particle
velocities, 

where i is an index number of lattice velocities in the set; εi is the non-dimensional lattice velocity; πneq is the non-

equilibrium contribution to the momentum flux; ϕneq is the non-equilibrium contribution to the scalar flux;  is the

equilibrium distribution of particles;  is the equilibrium distribution of scalar; fi is the actual particle distribution of the
flow; qi is the actual amount of scalar distribution; u is the non-dimensional fluid velocity at any given location.
[0062] However, the non-equilibrium momentum flux and scalar flux in the reference frame is the same as that of non-
equilibrium fluxes at rest due to the conservation of momentum and scalar concentration, i.e., πneq = πneq and ϕneq = ϕneq.
[0063] It is desired, therefore, to obtain a proper Galilean invariant formulation of a non-equilibrium distribution. The
full functional form of the equilibrium distribution is Galilean invariant, the goal is thus to tie the non-equilibrium distribution
to its equilibrium counterpart.
[0064] Briefly discussed below is the basic concept of how the non-equilibrium distribution can be expressed as a
function of the equilibrium distribution in the framework of fundamental physics of kinetic theory. The equilibrium and
non-equilibrium distributions are intrinsically related to each other via the dynamics of the Boltzmann kinetic equation.
The non-equilibrium distribution can, in principle, be expressed in terms of the equilibrium distribution function. Indeed,
such an explicit functional form can either be expressed as an infinite series in powers of spatial and temporal derivatives
via the so-called Chapman-Enskog expansion or as an exact compact form under some specific microscopic conditions.
In U.S. Patent No. 9,576,087 was proposed a new formulation for the non-equilibrium as a multiplication of equilibrium
distribution by the non-equilibrium momentum flux, which is relevant in Navier-stokes fluid regime. 

where ε’ = (ε - u) is the relative velocity; πneq is the non-equilibrium contribution to the momentum flux; feq is equilibrium
distribution of particles; fneq is non equilibrium of the particles; D is the dimension of the system; and ρ is the density of flow;
[0065] By comparing the terms, a final compact form is obtained as: 

 where i is an index number of lattice velocities in the set,  is the relative velocity, πneq is the non-

~ ~
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equilibrium contribution to the momentum flux,  is the equilibrium distribution of particles, and ρ is the density of fluid.
[0066] The fully Galilean invariant form of the equilibrium distribution Eq.(1.3) and the non-equilibrium distribution
Eq.(4.5) are feasible to use if the supporting lattice velocity set has infinite order of isotropy. For any given lattice with
finite order of accuracy, these functions are truncated. After some derivation, the following expression is obtained for
any given lattice with finite order of isotropy,

where wi is the lattice weight factor, u is the non-dimensional fluid velocity,  is the Hermite polynomial, πneq is the

non-equilibrium contribution to the momentum flux, and  is non-equilibrium distribution of particles for ith lattice.
[0067] The zeroth order of the above form, i.e., n=2, will recover the regularized collision operator. The first and second
orders of Eq.(4.6) are given explicitly as 

5. Extension to the Scalar Solver

[0068] The Galilean invariant filtered collision for flow solver extends the stability of a flow collision solver, and makes
it feasible to simulate transonic and supersonic applications. Similar to the flow solver 34c, the scalar solver 34c’ is
Galilean invariant as the underlying governing equation satisfies Galilean invariance requirements. Similar to the theory,
the non-equilibrium scalar flux can be expressed in terms of its equilibrium distribution and relative velocity and relevant
moments. For normal flows in the macroscopic regime, only first order moment proportional to the gradient of the scalar
is relevant. An approximate non-equilibrium form as an infinite series can be given as:

where ε’ = (ε - u) is the relative velocity, ϕneq is the non-equilibrium contribution to the scalar flux, (fq)eq is equilibrium
distribution of total scalar, and (fq)neq is non equilibrium of the total scalar.
[0069] For a given lattice set with finite number of lattice, the above equation is rewritten in compact form as, 
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where i is an index number of lattice velocities in the set,  is the relative velocity of the flow,  is

equilibrium distribution of particles for ith lattice,  is non equilibrium of the total scalar, and ϕneq is the non-
equilibrium contribution to the scalar flux.
[0070] Similar to the flow distribution, due to limitation of order of isotropy, the above form is not realizable in its actual
form. For a given lattice with finite order of isotropy, the above equation is truncated and following final form is obtained
after some derivation, as in Eq.(5.3).

where wi is the weight factor, u is the non-dimensional fluid velocity,  is the Hermite polynomial,  is non
equilibrium of the total scalar, and ϕneq is the non-equilibrium contribution to the scalar flux.
[0071] The zeroth order form (i.e.,) n=1 of above expression will recover filtered (regularized) collision operator. The
first and second order forms of the Eq.(5.3) in explicit terms are given by:

[0072] Referring to FIGS. 5 and 6, a process flow 60 for a flow solver 34c and a process flow 70 for one or more scalar
solvers 34c’ are shown.
[0073] Starting with FIG. 5, the flow solver process 60 provides 62 a lattice velocity set that supports necessary
hydrodynamic moments up to a specified order, the process 60 simulates 64 in the lattice velocity set, movement of
particles in a volume of fluid, and determines 66 a deviation(s) of particle distribution from an equilibrium value, that is
non-equilibrium momentum flux of the particles. From the determination of deviation(s) of particle distribution, the process
determines 68 Galilean invariant post-collide distribution functions as a function of non-equilibrium flux and particle
equilibrium distributions. Details of the flow solver process are described in the above U.S. Patent No. 9,576,087.
[0074] Referring to FIG. 6, a process 70 for scalar(s) solver is shown. The process 70 provides 72 additional lattice
velocity set(s) that support necessary moments for additional scalar(s), e. g., an additional lattice velocity set per scalar.
The process 70 simulates 74 with the additional lattice velocity set, movement of scalar(s) functions carried by flow
particles and determines 76 any deviation(s) of the scalar function from its/their respective average value(s), that is non-
equilibrium contribution flux of the scalar(s). The process 70 for the scalar(s) solver determines 78 Galilean invariant
post-collide distribution functions for scalar(s) as a function of non-equilibrium flux and scalar(s) equilibrium values.
[0075] A general discussion of an LBM-based simulation system is provided below including the scalar solver process
70 to conduct fluid flow simulations.
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[0076] Referring to FIG. 7, a first model (2D-1) 100 is a two-dimensional model that includes 21 velocities. Of these
21 velocities, one (105) represents particles that are not moving; three sets of four velocities represent particles that are
moving at either a normalized speed (r) (110-113), twice the normalized speed (2r) (120-123), or three times the nor-
malized speed (3r) (130-133) in either the positive or negative direction along either the x or y axis of the lattice; and
two sets of four velocities represent particles that are moving at the normalized speed (r) (140-143) or twice the normalized
speed (2r) (150-153) relative to both of the x and y lattice axes.
[0077] As also illustrated in FIG. 8, a second model (3D-1) 200 is a three-dimensional model that includes 39 velocities,
where each velocity is represented by one of the arrowheads of FIG. 8. Of these 39 velocities, one represents particles
that are not moving; three sets of six velocities represent particles that are moving at either a normalized speed (r), twice
the normalized speed (2r), or three times the normalized speed (3r) in either the positive or negative direction along the
x, y or z axis of the lattice; eight represent particles that are moving at the normalized speed (r) relative to all three of
the x, y, z lattice axes; and twelve represent particles that are moving at twice the normalized speed (2r) relative to two
of the x, y, z lattice axes.
[0078] More complex models, such as a 3D-2 model, include 101 velocities and a 2D-2 model includes 37 velocities
also may be used. The velocities are more clearly described by their components along each axis as documented in
Tables 1 and 2 respectively.
[0079] For the three-dimensional model 3D-2, of the 101 velocities, one represents particles that are not moving (Group
1); three sets of six velocities represent particles that are moving at either a normalized speed (r), twice the normalized
speed (2r), or three times the normalized speed (3r) in either the positive or negative direction along the x, y or z axis
of the lattice (Groups 2, 4, and 7); three sets of eight represent particles that are moving at the normalized speed (r),
twice the normalized speed (2r), or three times the normalized speed (3r) relative to all three of the x, y, z lattice axes
(Groups 3, 8, and 10); twelve represent particles that are moving at twice the normalized speed (2r) relative to two of
the x, y, z lattice axes (Group 6); twenty four represent particles that are moving at the normalized speed (r) and twice
the normalized speed (2r) relative to two of the x, y, z lattice axes, and not moving relative to the remaining axis (Group
5); and twenty four represent particles that are moving at the normalized speed (r) relative to two of the x, y, z lattice
axes and three times the normalized speed (3r) relative to the remaining axis (Group 9).
[0080] For the two-dimensional model 2D-2, of the 37 velocities, one represents particles that are not moving (Group
1); three sets of four velocities represent particles that are moving at either a normalized speed (r), twice the normalized
speed (2r), or three times the normalized speed (3r) in either the positive or negative direction along either the x or y
axis of the lattice (Groups 2, 4, and 7); two sets of four velocities represent particles that are moving at the normalized
speed (r) or twice the normalized speed (2r) relative to both of the x and y lattice axes; eight velocities represent particles
that are moving at the normalized speed (r) relative to one of the x and y lattice axes and twice the normalized speed
(2r) relative to the other axis; and eight velocities represent particles that are moving at the normalized speed (r) relative
to one of the x and y lattice axes and three times the normalized speed (3r) relative to the other axis.
[0081] The LBM models described above provide a specific class of efficient and robust discrete velocity kinetic models
for numerical simulations of flows in both two-and three-dimensions. A model of this kind includes a particular set of
discrete velocities and weights associated with those velocities. The velocities coincide with grid points of Cartesian
coordinates in velocity space, which facilitates accurate and efficient implementation of discrete velocity models, partic-
ularly the kind known as the lattice Boltzmann models. Using such models, flows can be simulated with high fidelity.

A. Example

[0082] Referring to FIG. 9, a physical process simulation system operates according to a procedure 300 to simulate
a physical process such as fluid flow. Prior to the simulation, a simulation space is modeled as a collection of voxels
(302). Typically, the simulation space is generated using a computer-aided-design (CAD) program. For example, a CAD
program could be used to draw the airfoil positioned in a wind tunnel. Thereafter, data produced by the CAD program
is processed to add a lattice structure having appropriate resolution and to account for the airfoil and surfaces of the
airfoil within the simulation space. As mentioned above any physical shaped device could be the subject of the fluid flow
simulation and scalar properties can be evaluated of the physical shaped device, using the scalar solver.
[0083] The resolution of the lattice may be selected based on the Reynolds number of the system being simulated.
The Reynolds number is related to the viscosity (v) of the flow, the characteristic length (L) of an object in the flow, and
the characteristic velocity (u) of the flow: 

[0084] The characteristic length of an object represents large-scale features of the object. For example, if a flow around
a micro-device were being simulated, the height of the micro-device might be considered to be the characteristic length.
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When a flow is around small regions of an object (e.g., the side mirror of an automobile) is of interest, the resolution of
the simulation may be increased, or areas of increased resolution may be employed around the regions of interest. The
dimensions of the voxels decrease as the resolution of the lattice increases.
[0085] The state space is represented as fi (x, t), where fi represents the number of elements, or particles, per unit
volume in state i (i.e., the density of particles in state i) at a lattice site denoted by the three-dimensional vector x at a
time t. For a known time increment, the number of particles is referred to simply as fi (x). The combination of all states
of a lattice site is denoted as f(x).
[0086] The number of states is determined by the number of possible velocity vectors within each energy level. The
velocity vectors consist of integer linear speeds in a space having three dimensions: x, y, and z. The number of states
is increased for multiple-species simulations.
[0087] Each state i represents a different velocity vector at a specific energy level (i.e., energy level zero, one or two).
The velocity ci of each state is indicated with its "speed" in each of the three dimensions as follows: 

[0088] The energy level zero state represents stopped particles that are not moving in any dimension, i.e. cstopped =(0,
0, 0). Energy level one states represent particles having a 61 speed in one of the three dimensions and a zero speed
in the other two dimensions. Energy level two states represent particles having either a 6 1 speed in all three dimensions,
or a 62 speed in one of the three dimensions and a zero speed in the other two dimensions.
[0089] Generating all of the possible permutations of the three energy levels gives a total of 39 possible states (one
energy zero state, 6 energy one states, 8 energy three states, 6 energy four states, 12 energy eight states and 6 energy
nine states.).
[0090] Each voxel (i.e., each lattice site) is represented by a state vector f(x). The state vector completely defines the
status of the voxel and includes 39 entries. The 39 entries correspond to the one energy zero state, 6 energy one states,
8 energy three states, 6 energy four states, 12 energy eight states and 6 energy nine states. By using this velocity set,
the system can produce Maxwell-Boltzmann statistics for an achieved equilibrium state vector.

B. Microblock

[0091] Referring now to FIG. 10, a microblock is illustrated. For processing efficiency, the voxels are grouped in 2x2x2
volumes called microblocks. The microblocks are organized to permit parallel processing of the voxels and to minimize
the overhead associated with the data structure. A short-hand notation for the voxels in the microblock is defined as Ni
(n), where n represents the relative position of the lattice site within the microblock and n∈ {0,1,2,... ,7}.
[0092] Referring to FIGS. 11A and 11B, a surface S (FIG. 11A) is represented in the simulation space (FIG. 11B) as
a collection of facets Fα : 

where α is an index that enumerates a particular facet. A facet is not restricted to the voxel boundaries, but is typically
sized on the order of, or slightly smaller than, the size of the voxels adjacent to the facet so that the facet affects a
relatively small number of voxels. Properties are assigned to the facets for the purpose of implementing surface dynamics.
In particular, each facet Fα has a unit normal (nα), a surface area (Aα), a center location (xα), and a facet distribution
function (fi(α)) that describes the surface dynamic properties of the facet.
[0093] Referring to FIG. 12, different levels of resolution may be used in different regions of the simulation space to
improve processing efficiency. Typically, the region 350 around an object 352 is of the most interest and is therefore
simulated with the highest resolution. Because the effect of viscosity decreases with distance from the object, decreasing
levels of resolution (i.e., expanded voxel volumes) are employed to simulate regions 354, 356 that are spaced at increasing
distances from the object 352.
[0094] Similarly, as illustrated in FIG. 13, a lower level of resolution may be used to simulate a region 360 around less
significant features of an object 362 while the highest level of resolution is used to simulate regions 364 around the most
significant features (e.g., the leading and trailing surfaces) of the object 362. Outlying regions 366 are simulated using
the lowest level of resolution and the largest voxels.

C. Identify Voxels Affected By Facets

[0095] Referring again to FIG. 9, once the simulation space has been modeled (302), voxels affected by one or more
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facets are identified (304). Voxels may be affected by facets in a number of ways. First, a voxel that is intersected by
one or more facets is affected in that the voxel has a reduced volume relative to non-intersected voxels. This occurs
because a facet, and material underlying the surface represented by the facet, occupies a portion of the voxel. A fractional
factor Pf(x) indicates the portion of the voxel that is unaffected by the facet (i.e., the portion that can be occupied by a
fluid, or other materials for which flow is being simulated). For non-intersected voxels, Pf (x) equals one.
[0096] Voxels that interact with one or more facets by transferring particles to the facet or receiving particles from the
facet are also identified as voxels affected by the facets. All voxels that are intersected by a facet will include at least
one state that receives particles from the facet and at least one state that transfers particles to the facet. In most cases,
additional voxels also will include such states.
[0097] Referring to FIG. 14, for each state i having a non-zero velocity vector ci, a facet Fα receives particles from, or
transfers particles to, a region defined by a parallelepiped Giα having a height defined by the magnitude of the vector
dot product of the velocity vector ci and the unit normal nα of the facet (|cini|) and a base defined by the surface area Aα
of the facet so that the volume Viα of the parallelepiped Giα equals: 

[0098] The facet Fα receives particles from the volume Viα when the velocity vector of the state is directed toward the
facet (|ci ni|<0), and transfers particles to the region when the velocity vector of the state is directed away from the facet
(|cini|>0). As will be discussed below, this expression must be modified when another facet occupies a portion of the
parallelepiped Giα, a condition that could occur in the vicinity of non-convex features such as interior corners.
[0099] The parallelepiped Giα of a facet Fα may overlap portions or all of multiple voxels. The number of voxels or
portions thereof is dependent on the size of the facet relative to the size of the voxels, the energy of the state, and the
orientation of the facet relative to the lattice structure. The number of affected voxels increases with the size of the facet.
Accordingly, the size of the facet, as noted above, is typically selected to be on the order of, or smaller than, the size of
the voxels located near the facet.
[0100] The portion of a voxel N(x) overlapped by a parallelepiped Giα is defined as Viα(x). Using this term, the flux
Γiα(x) of state i particles that move between a voxel N(x) and a facet Fα equals the density of state i particles in the voxel
(Ni(x)) multiplied by the volume of the region of overlap with the voxel (Viα(x)): 

[0101] When the parallelepiped Giα is intersected by one or more facets, the following condition is true: 

where the first summation accounts for all voxels overlapped by Giα and the second term accounts for all facets that
intersect Giα. When the parallelepiped Giα is not intersected by another facet, this expression reduces to: 

D. Perform Simulation

[0102] Once the voxels that are affected by one or more facets are identified (step 304), a timer is initialized to begin
the simulation (step 306). During each time increment of the simulation, a set of elements 307 are executed that includes
movement of particles from voxel to voxel simulated by an advection stage (308-316) that accounts for interactions of
the particles with surface facets. Next, a collision stage (step 318) simulates the interaction of particles within each voxel.
Thereafter, the timer is incremented (step 320). If the incremented timer does not indicate that the simulation is complete
(step 322), the advection and collision stages (steps 308-320) are repeated. If the incremented timer indicates that the
simulation is complete (step 322), results of the simulation are stored and/or displayed (step 324). Also shown is a scalar
solver process 330 that implements the features discussed above. The scalar process 330 includes an instantiation of
the elements 307, but instantiated and executed using the additional lattice velocity set(s) that support the necessary
moments for the additional scalar(s), as discussed above.
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1. Boundary Conditions For Surface

[0103] To correctly simulate interactions with a surface, each facet should meet four boundary conditions. First, the
combined mass of particles received by a facet should equal the combined mass of particles transferred by the facet
(i.e., the net mass flux to the facet should equal zero). Second, the combined energy of particles received by a facet
should equal the combined energy of particles transferred by the facet (i.e., the net energy flux to the facet should equal
zero). These two conditions may be satisfied by requiring the net mass flux at each energy level (i.e., energy levels one
and two) to equal zero.
[0104] The other two boundary conditions are related to the net momentum of particles interacting with a facet. For a
surface with no skin friction, referred to herein as a slip surface, the net tangential momentum flux should equal zero
and the net normal momentum flux should equal the local pressure at the facet. Thus, the components of the combined
received and transferred momentums that are perpendicular to the normal nα of the facet (i.e., the tangential components)
should be equal, while the difference between the components of the combined received and transferred momentums
that are parallel to the normal nα of the facet (i.e., the normal components) should equal the local pressure at the facet.
For non-slip surfaces, friction of the surface reduces the combined tangential momentum of particles transferred by the
facet relative to the combined tangential momentum of particles received by the facet by a factor that is related to the
amount of friction.

2. Gather From Voxels to Facets

[0105] As a first in simulating interaction between particles and a surface, particles are gathered from the voxels and
provided to the facets (308). As noted above, the flux of state i particles between a voxel N(x) and a facet Fα is: 

[0106] From this, for each state i directed toward a facet Fα(cinα <0), the number of particles provided to the facet Fα
by the voxels is:

[0107] Only voxels for which Viα (x) has a non-zero value should be summed. As noted above, the size of the facets
is selected so that Viα (x) has a non-zero value for only a small number of voxels. Because Viα (x) and Pf(x) may have
non-integer values, Γα(x) is stored and processed as a real number.

3. Move From Facet to Facet

[0108] Next, particles are moved between facets (310). If the parallelepiped Giα for an incoming state (cinα <0) of a
facet Fα is intersected by another facet Fβ, then a portion of the state i particles received by the facet Fα will come from
the facet Fβ. In particular, facet Fα will receive a portion of the state i particles produced by facet Fβ during the previous
time increment.
[0109] Referring now to FIG. 16 where a relationship of the state i particles produced by facet Fβ during the previous
time increment is illustrated. In FIG. 16, it is shown that a portion 380 of the parallelepiped Giα that is intersected by
facet Fβ equals a portion 382 of the parallelepiped Giβ that is intersected by facet Fα. As noted above, the intersected
portion is denoted as Viα (β). Using this term, the flux of state i particles between a facet Fβ and a facet Fα may be
described as: 

where Γi(β,t-1) is a measure of the state i particles produced by the facet Fβ during the previous time increment. From
this, for each state i directed toward a facet Fα (ci nα <0), the number of particles provided to the facet Fα by the other
facets is: 
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and the total flux of state i particles into the facet is: 

[0110] The state vector N(α) for the facet, also referred to as a facet distribution function, has M entries corresponding
to the M entries of the voxel states vectors. M is the number of discrete lattice speeds. The input states of the facet
distribution function N(α) are set equal to the flux of particles into those states divided by the volume Viα :

for ci nα <0.
[0111] The facet distribution function is a simulation tool for generating the output flux from a facet, and is not necessarily
representative of actual particles. To generate an accurate output flux, values are assigned to the other states of the
distribution function. Outward states are populated using the technique described above for populating the inward states: 

[0112] for ci nα ≥ 0, wherein ΓiOTHER (α) is determined using the technique described above for generating ΓiIN (α),
but applying the technique to states (ci nα ≥ 0) other than incoming states (ci nα <0)). In an alternative approach, ΓiOTHER
(α) may be generated using values of ΓiOUT (α) from the previous time so that: 

[0113] For parallel states (cinα =0), both Viα and Viα(x) are zero. In the expression for Ni (α), Viα (x) appears in the
numerator (from the expression for ΓiOTHER (α) and Viα appears in the denominator (from the expression for Ni (α)).
Accordingly, Ni (α) for parallel states is determined as the limit of Ni(α) as Viα and Viα(x) approach zero. The values of
states having zero velocity (i.e., rest states and states (0, 0, 0, 2) and (0, 0, 0, -2)) are initialized at the beginning of the
simulation based on initial conditions for temperature and pressure. These values are then adjusted over time.

4. Perform Facet Surface Dynamics

[0114] Next, surface dynamics are performed for each facet to satisfy the four boundary conditions discussed above
(312). A procedure for performing surface dynamics for a facet is illustrated in FIG. 17. This procedure is performed for
flow particles and for scalar particles, as shown. Initially, the combined momentum normal to the facet Fα is determined
(382) by determining the combined momentum P(α) of the particles at the facet as: 

for all i. From this, the normal momentum Pn (α) is determined as: 

[0115] This normal momentum is eliminated using a pushing/pulling technique (384) to produce Nn-(α). According to
this technique, particles are moved between states in a way that affects only normal momentum. The pushing/pulling
technique is described in U.S. Pat. No. 5,594,671, which is incorporated by reference.
[0116] Thereafter, the particles of Nn-(α) are collided to produce a Boltzmann distribution Nn- β (α) (386). As described
below with respect to performing fluid dynamics, a Boltzmann distribution may be achieved by applying a set of collision
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rules to Nn-(α) to each of flow and scalar distributions.
[0117] An outgoing flux distribution for the facet Fα is determined (388) based on the incoming flux distribution and
Boltzmann Distribution.
[0118] First, the difference between the incoming flux distribution Γi (α) and the Boltzmann distribution is determined as: 

[0119] Using this difference, the outgoing flux distribution is: 

for nαci >0 and where i* is the state having a direction opposite to state i. For example, if state i is (1, 1, 0, 0), then state
i* is (-1, -1, 0, 0). To account for skin friction and other factors, the outgoing flux distribution may be further refined to: 

for nαci >0, where Cf is a function of skin friction, tiα is a first tangential vector that is perpendicular to nα, t2α, is a second
tangential vector that is perpendicular to both nα and t1α, and ΔNj,1 and ΔNj,2 are distribution functions corresponding to
the energy (j) of the state i and the indicated tangential vector. The distribution functions are determined according to: 

where j equals 1 for energy level 1 states and 2 for energy level 2 states.
[0120] The functions of each term of the equation for ΓiOUT (α) are as follows. The first and second terms enforce the
normal momentum flux boundary condition to the extent that collisions have been effective in producing a Boltzmann
distribution, but include a tangential momentum flux anomaly. The fourth and fifth terms correct for this anomaly, which
may arise due to discreteness effects or non-Boltzmann structure due to insufficient collisions. Finally, the third term
adds a specified amount of skin fraction to enforce a desired change in tangential momentum flux on the surface.
Generation of the friction coefficient Cf is described below. Note that all terms involving vector manipulations are geometric
factors that may be calculated prior to beginning the simulation.
[0121] From this, a tangential velocity is determined as: 

where ρ is the density of the facet distribution: 

[0122] As before, the difference between the incoming flux distribution and the Boltzmann distribution is determined as: 
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[0123] The outgoing flux distribution then becomes: 

which corresponds to the first two lines of the outgoing flux distribution determined by the previous technique but does
not require the correction for anomalous tangential flux.
[0124] Using either approach, the resulting flux-distributions satisfy all of the momentum flux conditions, namely: 

where pα is the equilibrium pressure at the facet Fα and is based on the averaged density and temperature values of
the voxels that provide particles to the facet, and uα is the average velocity at the facet.
[0125] To ensure that the mass and energy boundary conditions are met, the difference between the input energy
and the output energy is measured for each energy level j as:

where the index j denotes the energy of the state i. This energy difference is then used to generate a difference term: 

for cjinα >0. This difference term is used to modify the outgoing flux so that the flux becomes: 

for cjinα >0. This operation corrects the mass and energy flux while leaving the tangential momentum flux unaltered.
This adjustment is small if the flows (fluid and scalar) is approximately uniform in the neighborhood of the facet and near
equilibrium. The resulting normal momentum flux, after the adjustment, is slightly altered to a value that is the equilibrium
pressure based on the neighborhood mean properties plus a correction due to the non-uniformity or non-equilibrium
properties of the neighborhood.

5. Move From Voxels to Voxels

[0126] Referring again to FIG. 9, particles are moved between voxels along the three-dimensional rectilinear lattice
(314). This voxel to voxel movement is the only movement operation performed on voxels that do not interact with the
facets (i.e., voxels that are not located near a surface). In typical simulations, voxels that are not located near enough
to a surface to interact with the surface constitute a large majority of the voxels.
[0127] Each of the separate states represents particles moving along the lattice with integer speeds in each of the
three dimensions: x, y, and z. The integer speeds include: 0, 61, and 62. The sign of the speed indicates the direction
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in which a particle is moving along the corresponding axis.
[0128] For voxels that do not interact with a surface, the move operation is computationally quite simple. The entire
population of a state is moved from its current voxel to its destination voxel during every time increment. At the same
time, the particles of the destination voxel are moved from that voxel to their own destination voxels. For example, an
energy level 1 particle that is moving in the +1x and +1y direction (1, 0, 0) is moved from its current voxel to one that is
+1 over in the x direction and 0 for other direction. The particle ends up at its destination voxel with the same state it
had before the move (1,0,0). Interactions within the voxel will likely change the particle count for that state based on
local interactions with other particles and surfaces. If not, the particle will continue to move along the lattice at the same
speed and direction.
[0129] The move operation becomes slightly more complicated for voxels that interact with one or more surfaces. This
can result in one or more fractional particles being transferred to a facet. Transfer of such fractional particles to a facet
results in fractional particles remaining in the voxels. These fractional particles are transferred to a voxel occupied by
the facet.
[0130] Referring to FIG. 15, when a portion 360 of the state i particles for a voxel 362 is moved to a facet 364 (278),
the remaining portion 366 is moved to a voxel 368 in which the facet 364 is located and from which particles of state i
are directed to the facet 364. Thus, if the state population equaled 25 and Viα(x) equaled 0.25 (i.e., a quarter of the voxel
intersects the parallelepiped Giα), then 6.25 particles would be moved to the facet Fα and 18.75 particles would be moved
to the voxel occupied by the facet Fα. Because multiple facets could intersect a single voxel, the number of state i
particles transferred to a voxel N(f) occupied by one or more facets is: 

where N(x) is the source voxel.

6. Scatter From Facets to Voxels

[0131] Next, the outgoing particles from each facet are scattered to the voxels (316). Essentially, this is the reverse
of the gather by which particles were moved from the voxels to the facets. The number of state i particles that move
from a facet Fα to a voxel N(x) is: 

 where Pf(x) accounts for the volume reduction of partial voxels. From this, for each state i, the total number of particles
directed from the facets to a voxel N(x) is: 

[0132] After scattering particles from the facets to the voxels, combining them with particles that have advected in
from surrounding voxels, and integerizing the result, it is possible that certain directions in certain voxels may either
underflow (become negative) or overflow (exceed 255 in an eight-bit implementation). This would result in either a gain
or loss in mass, momentum, and energy after these quantities are truncated to fit in the allowed range of values.
[0133] To protect against such occurrences, the mass, momentum and energy that are out of bounds are accumulated
prior to truncation of the offending state. For the energy to which the state belongs, an amount of mass equal to the
value gained (due to underflow) or lost (due to overflow) is added back to randomly (or sequentially) selected states
having the same energy and that are not themselves subject to overflow or underflow. The additional momentum resulting
from this addition of mass and energy is accumulated and added to the momentum from the truncation. By only adding
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mass to the same energy states, both mass and energy are corrected when the mass counter reaches zero. Finally, the
momentum is corrected using pushing/pulling techniques until the momentum accumulator is returned to zero.

7. Perform Fluid Dynamics

[0134] Fluid dynamics are performed (318). This may be referred to as microdynamics or intravoxel operations. Sim-
ilarly, the advection procedure may be referred to as intervoxel operations. The microdynamics operations described
below may also be used to collide particles at a facet to produce a Boltzmann distribution.
[0135] The fluid dynamics is ensured in the lattice Boltzmann equation models by a particular collision operator known
as the BGK collision model. This collision model mimics the dynamics of the distribution in a real fluid system. The
collision process can be well described by the right-hand side of Eq. I-1 and Eq. I-2 above. After the advection step, the
conserved quantities of a fluid system, specifically the density, momentum, and the energy are obtained from the dis-
tribution function using Eq. 1-3. From these quantities, the equilibrium distribution function, noted by feq in equation (2),
is fully specified by Eq.-4. The choice of the velocity vector set ci, the weights, both are listed in Table 1, together with
Eq. 1-2 ensures that the macroscopic behavior obeys the correct hydrodynamic equation.

E. Variable Resolution

[0136] Variable resolution (as discussed in U.S. 2013/0151221 A1) can also be employed and would use voxels of
different sizes, e.g., coarse voxels and fine voxels, and can be applied to both flow and scalar particle interactions with
voxels.
[0137] By leveraging the unique transient Lattice Boltzmann-based physics, the system can perform simulations that
accurately predict real-world conditions. For example, engineers evaluate product performance early in the design
process before any prototype being built, when the impact of the change is most significant for design and budgets. The
system can use the CAD geometry to accurately and efficiently perform aerodynamic, aero-acoustic and thermal man-
agement simulations.
[0138] With the scalar solvers, the system can perform simulations to address high Mach Number applications as
application involving Mach numbers greater than 0.3 or greater than 1.0 or greater than multiples of 1.0. Such applications
can be found in aerodynamics (aerodynamic efficiency; vehicle handling; soiling and water management; panel defor-
mation; driving dynamics), aeroacoustics (greenhouse wind noise; underbody wind noise; gap/seal noise; mirror, whistle
and tonal noise; sunroof and window buffeting; pass-by/community noise; cooling fan noise), thermal management
(cooling airflow; thermal protection; brake cooling; drive cycle simulation; key-off and soak; electronics and battery
cooling; ROA/intake ports), climate control (cabin comfort; HVAC unit & distribution system performance; HVAC system
and fan noise; defrost and demist), powertrain: (drivetrain cooling; exhaust systems; cooling jacket; engine block), soiling
and water management (a pillar overflow, dirt and dust accumulation, tire spray).
[0139] Embodiments of the subject matter and the functional operations described in this specification can be imple-
mented in digital electronic circuitry, tangibly embodied computer software or firmware, computer hardware (including
the structures disclosed in this specification and their structural equivalents), or in combinations of one or more of them.
Embodiments of the subject matter described in this specification can be implemented as one or more computer programs
(i.e., one or more modules of computer program instructions encoded on a tangible non-transitory program carrier for
execution by, or to control the operation of, data processing apparatus). The computer storage medium can be a machine-
readable storage device, a machine-readable storage substrate, a random or serial access memory device, or a com-
bination of one or more of them.
[0140] The term "data processing apparatus" refers to data processing hardware and encompasses all kinds of ap-
paratus, devices, and machines for processing data including, by way of example, a programmable processor, a computer,
or multiple processors or computers. The apparatus can also be or further include special purpose logic circuitry (e.g.,
an FPGA (field programmable gate array) or an ASIC (application-specific integrated circuit)). In addition to hardware,
the apparatus can optionally include code that creates an execution environment for computer programs (e.g., code that
constitutes processor firmware, a protocol stack, a database management system, an operating system, or a combination
of one or more of them).
[0141] A computer program, which can also be referred to or described as a program, software, a software application,
a module, a software module, a script, or code, can be written in any form of programming language, including compiled
or interpreted languages, or declarative or procedural languages, and it can be deployed in any form, including as a
stand-alone program or as a module, component, subroutine, or other unit suitable for use in a computing environment.
A computer program may, but need not, correspond to a file in a file system. A program can be stored in a portion of a
file that holds other programs or data (e.g., one or more scripts stored in a markup language document, in a single file
dedicated to the program in question, or in multiple coordinated files (e.g., files that store one or more modules, sub-
programs, or portions of code)). A computer program can be deployed so that the program is executed on one computer
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or on multiple computers that are located at one site or distributed across multiple sites and interconnected by a data
communication network.
[0142] The processes and logic flows described in this specification can be performed by one or more programmable
computers executing one or more computer programs to perform functions by operating on input data and generating
output. The processes and logic flows can also be performed by, and apparatus can also be implemented as, special
purpose logic circuitry (e.g., an FPGA (field programmable gate array) or an ASIC (application-specific integrated circuit)).
[0143] Computers suitable for the execution of a computer program can be based on general or special purpose
microprocessors or both, or any other kind of central processing unit. Generally, a central processing unit will receive
instructions and data from a read-only memory or a random access memory or both. The essential elements of a computer
are a central processing unit for performing or executing instructions and one or more memory devices for storing
instructions and data. Generally, a computer will also include, or be operatively coupled to receive data from or transfer
data to, or both, one or more mass storage devices for storing data (e.g., magnetic, magneto-optical disks, or optical
disks), however, a computer need not have such devices. Moreover, a computer can be embedded in another device
(e.g., a mobile telephone, a personal digital assistant (PDA), a mobile audio or video player, a game console, a Global
Positioning System (GPS) receiver, or a portable storage device (e.g., a universal serial bus (USB) flash drive), to name
just a few).
[0144] Computer-readable media suitable for storing computer program instructions and data include all forms of non-
volatile memory on media and memory devices including, by way of example, semiconductor memory devices (e.g.,
EPROM, EEPROM, and flash memory devices), magnetic disks (e.g., internal hard disks or removable disks), magneto-
optical disks, and CD-ROM and DVD-ROM disks. The processor and the memory can be supplemented by, or incorpo-
rated in, special purpose logic circuitry.
[0145] To provide for interaction with a user, embodiments of the subject matter described in this specification can be
implemented on a computer having a display device (e.g., a CRT (cathode ray tube) or LCD (liquid crystal display)
monitor) for displaying information to the user and a keyboard and a pointing device (e.g., a mouse or a trackball) by
which the user can provide input to the computer. Other kinds of devices can be used to provide for interaction with a
user as well; for example, feedback provided to the user can be any form of sensory feedback (e.g., visual feedback,
auditory feedback, or tactile feedback) and input from the user can be received in any form, including acoustic, speech,
or tactile input. In addition, a computer can interact with a user by sending documents to and receiving documents from
a device that is used by the user, for example, by sending web pages to a web browser on a user’s device in response
to requests received from the web browser.
[0146] Embodiments of the subject matter described in this specification can be implemented in a computing system
that includes a back-end component (e.g., as a data server), or that includes a middleware component (e.g., an application
server), or that includes a front-end component (e.g., a client computer having a graphical user interface or a web browser
through which a user can interact with an implementation of the subject matter described in this specification), or any
combination of one or more such back-end, middleware, or front-end components. The components of the system can
be interconnected by any form or medium of digital data communication (e.g., a communication network). Examples of
communication networks include a local area network (LAN) and a wide area network (WAN) (e.g., the Internet).
[0147] The computing system can include clients and servers. A client and server are generally remote from each
other and typically interact through a communication network. The relationship of client and server arises by virtue of
computer programs running on the respective computers and having a client-server relationship to each other. In some
embodiments, a server transmits data (e.g., an HTML page) to a user device (e.g., for purposes of displaying data to
and receiving user input from a user interacting with the user device), which acts as a client. Data generated at the user
device (e.g., a result of the user interaction) can be received from the user device at the server.
[0148] While this specification contains many specific implementation details, these should not be construed as limi-
tations on the scope of any invention or on the scope of what can be claimed, but rather as descriptions of features that
can be specific to particular embodiments of particular inventions. Certain features that are described in this specification
in the context of separate embodiments can also be implemented in combination in a single embodiment. Conversely,
various features that are described in the context of a single embodiment can also be implemented in multiple embod-
iments separately or in any suitable subcombination. Moreover, although features can be described above as acting in
certain combinations and even initially claimed as such, one or more features from a claimed combination can in some
cases be excised from the combination, and the claimed combination can be directed to a subcombination or variation
of a subcombination.
[0149] Similarly, while operations are depicted in the drawings in a particular order, this should not be understood as
requiring that such operations be performed in the particular order shown or in sequential order, or that all illustrated
operations be performed, to achieve desirable results. In certain circumstances, multitasking and parallel processing
can be advantageous. Moreover, the separation of various system modules and components in the embodiments de-
scribed above should not be understood as requiring such separation in all embodiments, and it should be understood
that the described program components and systems can generally be integrated together in a single software product
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or packaged into multiple software products.
[0150] Particular embodiments of the subject matter have been described. Other embodiments are within the scope
of the following claims. For example, the actions recited in the claims can be performed in a different order and still
achieve desirable results. As one example, the processes depicted in the accompanying figures do not necessarily
require the particular order shown, or sequential order, to achieve desirable results. In some cases, multitasking and
parallel processing can be advantageous.

EMBODIMENTS

[0151] Although the present invention is defined in the attached claims, it should be understood that the present
invention can also (alternatively) be defined in accordance with the following embodiments:

Embodiment group 1:

1. A computer implemented method, comprises:

simulating using a scalar lattice velocity set in a computing system, movement of scalar particles representing
a scalar quantity in a volume of fluid, with the scalar particles carried by flow particles of the volume of fluid,
and with the movement of the scalar particles causing collisions among the scalar particles; and
evaluating, a non-equilibrium post-collide scalar distribution function of a specified order that is represent-
ative of the scalar collision.

2. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution function is Galilean
invariant.

3. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution function is related
to relative velocity of the flow particles in the volume of fluid.

4. The method of embodiment 1 wherein the movement of the scalar particles causing collisions among the
scalar particles results in a diffusion of scalar quantity through the volume.

5. The method of embodiment 1, wherein the scalar lattice velocity set, the scalar quantity and the non-equilibrium
post-collide scalar distribution function are respectively a first scalar lattice velocity set, a first scalar quantity,
and a first non-equilibrium post-collide scalar distribution function, and the method further comprises:

simulating, using a second scalar lattice velocity set, movement of second scalar particles representing a
second, different scalar quantity in the volume of fluid, with the second scalar particles carried by the flow
particles in the volume of fluid, and with the movement of the second scalar particles causing collisions
among the second scalar particles; and based on the movement of the second scalar particles;
evaluating, a second non-equilibrium post-collide scalar distribution function of a specified order that is
representative of the second scalar collision.

6. The method of embodiment 1, wherein the scalar lattice velocity set, the scalar quantity and the non-equilibrium
post-collide scalar distribution function are respectively included in a plurality of scalar lattice velocity sets, a
plurality of scalar quantities, and a plurality of non-equilibrium post-collide scalar distribution functions, and the
method further comprises:

simulating, using the plurality of scalar lattice velocity sets, movements of the plurality of scalar particles
representing the plurality of different scalar quantities in the volume of fluid, with the plurality of scalar
particles carried by the flow particles in the volume of fluid, and with the movement of the plurality of scalar
particles causing collisions among the like plurality of scalar particles; and based on the movement of the
like plurality of scalar particles;
evaluating, a like plurality of non-equilibrium post-collide scalar distribution functions of a specified order
that are representative of the like plurality of scalar collisions.

7. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution function retains
non-equilibrium moments for the scalar quantity, and eliminates non-equilibrium moments for the scalar quantity
higher than the specified order.
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8. The method of embodiment 1 wherein the scalar lattice velocity set supports hydrodynamic movements up
to a specified order of a scalar particle speed.

9. The method of embodiment 8 wherein the specified order is an exponential value associated with a ratio of
the fluid velocity to lattice sound speed and the lattice velocity set supports the exponential value.

10. The method of embodiment 8 wherein the order is the zeroth order.

11. The method of embodiment 7 wherein the order is the first order.

12. The method of embodiment 7 wherein the order is the second order.

13. The method of embodiment 1, further comprising:
simulating using a flow lattice velocity set in a computing system, movement of the flow particles in the volume
of fluid, with the movement causing collision among the flow particles.

14. The method of embodiment 1, further comprising:

determining using the flow lattice velocity set, relative particle velocities of particle at particular locations
within the volume of fluid, with the relative particle velocities being differences between absolute velocities
of the particles at the particular locations measured under zero flow of the fluid in the volume and a mean
velocity of the particles at the particular location within the volume; and
determining, based on the relative particle velocity, a non-equilibrium post-collide distribution function of a
specified order that is representative of the collision of the particles.

15. The method of embodiment 1 wherein for fluid flows of a macroscopic regime the specified order is a first
order moment proportional to the gradient of the scalar.

16. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution is proportional to
a summation over the scalar lattice velocity set of the Hermite polynomial divided by a factorial of the order
times a non-dimensional velocity of the fluid.

17. The method of embodiment 15 wherein the non-equilibrium post-collide scalar distribution is related to the
summation multiplied by a weight factor corresponding to weighting factor of particle distribution function.

18. A computer system comprising:

one or more processors; and
memory storing a program that implements the features of any one of or combination of embodiments 1-17.

19. A computer program product stored on an non-transitory computer readable medium including instructions
for causing a system comprising one or more processors and memory storing a program to implement the
features of any one of or combination of embodiments 1-17.

Embodiment group 2:

1. A computer implemented method, comprises:

simulating by a computing system using a scalar lattice velocity set, movement of scalar particles repre-
senting a scalar quantity in a volume of fluid, with the scalar particles carried by flow particles of the volume
of fluid, and with the movement of the scalar particles causing collisions among the scalar particles; and
evaluating, a non-equilibrium post-collide scalar distribution function of a specified order that is represent-
ative of the scalar collision.

2. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution function is Galilean
invariant.

3. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution function is related
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to relative velocity of the flow particles in the volume of fluid.

4. The method of embodiment 1 wherein the movement of the scalar particles causing collisions among the
scalar particles results in a diffusion of scalar quantity through the volume.

5. The method of embodiment 1 further comprising:

simulating by the computing system using a flow lattice velocity set, movement of flow particles representing
the volume of fluid, with the movement of the flow particles causing collisions among the flow particles; and
evaluating, a non-equilibrium post-collide flow distribution function of a specified order that is representative
of the flow collision.

6. The method of embodiment 1, wherein the scalar lattice velocity set, the scalar quantity and the non-equilibrium
post-collide scalar distribution function are respectively a first scalar lattice velocity set, a first scalar quantity,
and a first non-equilibrium post-collide scalar distribution function, and the method further comprises:

simulating, in the computer using a second, different scalar lattice velocity set, movement of second scalar
particles representing a second, different scalar quantity in the volume of fluid, with the second scalar
particles carried by the flow particles in the volume of fluid, and with the movement of the second scalar
particles causing collisions among the second scalar particles; and based on the movement of the second
scalar particles;
evaluating, a second, different non-equilibrium post-collide scalar distribution function of a specified order
that is representative of the second scalar collision.

7. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution function retains
non-equilibrium moments for the scalar quantity, and eliminates non-equilibrium moments for the scalar quantity
higher than the specified order.

8. The method of embodiment 1 wherein the scalar lattice velocity set supports hydrodynamic movements up
to a specified order of a scalar particle speed.

9. The method of embodiment 8 wherein the specified order is an exponential value associated with a ratio of
the fluid velocity to lattice sound speed and the lattice velocity set supports the exponential value.

10. The method of embodiment 8 wherein the specified order is selected from the zeroth order, the first order,
and the second order.

11. The method of embodiment 1, further comprising:

determining using the flow lattice velocity set, relative particle velocities of particle at particular locations
within the volume of fluid, with the relative particle velocities being differences between absolute velocities
of the particles at the particular locations measured under zero flow of the fluid in the volume and a mean
velocity of the particles at the particular location within the volume; and
determining, based on the relative particle velocity, a non-equilibrium post-collide distribution of a specified
order that is representative of the collision of the particles.

12. The method of embodiment 1 wherein for fluid flows of a macroscopic regime the specified order is a first
order moment proportional to the gradient of the scalar.

13. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution is proportional to
a summation over the scalar lattice velocity set of the Hermite polynomial divided by a factorial of the order
times a non-dimensional velocity of the fluid.

14. The method of embodiment 1 wherein the non-equilibrium post-collide scalar distribution is related to the
summation multiplied by a weight factor corresponding to weighting factor of particle distribution function.

15. A computer system comprising:
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one or more processors; and
memory operatively coupled to the one or more processors
a computer storage device that stores instructions to cause the one or more processors to:

simulate using a scalar lattice velocity set, movement of scalar particles representing a scalar quantity
in a volume of fluid, with the scalar particles carried by flow particles of the volume of fluid, and with
the movement of the scalar particles causing collisions among the scalar particles; and
evaluate, a non-equilibrium post-collide scalar distribution function of a specified order that is repre-
sentative of the scalar collision.

16. The computer system of embodiment 15 wherein the non-equilibrium post-collide scalar distribution function
is Galilean invariant.

17. The computer system of embodiment 15 wherein the non-equilibrium post-collide scalar distribution function
is related to relative velocity of the flow particles in the volume of fluid.

18. The computer system of embodiment 15 wherein the movement of the scalar particles causing collisions
among the scalar particles results in a diffusion of scalar quantity through the volume.

19. The computer system of embodiment 15, further comprising instructions to:

simulate using a flow lattice velocity set, movement of flow particles representing the volume of fluid, with
the movement of the flow particles causing collisions among the flow particles; and
evaluate a non-equilibrium post-collide flow distribution function of a specified order that is representative
of the flow collision.

20. The computer system of embodiment 15 wherein the scalar lattice velocity set, the scalar quantity and the
non-equilibrium post-collide scalar distribution function are respectively a first scalar lattice velocity set, a first
scalar quantity, and a first non-equilibrium post-collide scalar distribution function, and the computer system
further comprises instructions to:

simulate, in the computer using a second, different scalar lattice velocity set, movement of second scalar
particles representing a second, different scalar quantity in the volume of fluid, with the second scalar
particles carried by the flow particles in the volume of fluid, and with the movement of the second scalar
particles causing collisions among the second scalar particles; and based on the movement of the second
scalar particles;
evaluate a second, different non-equilibrium post-collide scalar distribution function of a specified order that
is representative of the second scalar collision.

21. A computer program product stored on an non-transitory computer readable medium including instructions
for causing a system comprising one or more processors and memory storing a program to:

simulate using a scalar lattice velocity set, movement of scalar particles representing a scalar quantity in
a volume of fluid, with the scalar particles carried by flow particles of the volume of fluid, and with the
movement of the scalar particles causing collisions among the scalar particles; and
evaluate, a non-equilibrium post-collide scalar distribution function of a specified order that is representative
of the scalar collision.

22. The computer program product of embodiment 21 wherein the non-equilibrium post-collide scalar distribution
function is Galilean invariant.

23. The computer program product of embodiment 21 wherein the non-equilibrium post-collide scalar distribution
function is related to relative velocity of the flow particles in the volume of fluid.

24. The computer program product of embodiment 21 wherein the movement of the scalar particles causing
collisions among the scalar particles results in a diffusion of scalar quantity through the volume.

25. The computer program product of embodiment 21, further comprising instructions to:
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simulate using a flow lattice velocity set, movement of flow particles representing the volume of fluid, with
the movement of the flow particles causing collisions among the flow particles; and
evaluate a non-equilibrium post-collide flow distribution function of a specified order that is representative
of the flow collision.

26. The computer program product of embodiment 21 wherein the scalar lattice velocity set, the scalar quantity
and the non-equilibrium post-collide scalar distribution function are respectively a first scalar lattice velocity set,
a first scalar quantity, and a first non-equilibrium post-collide scalar distribution function, and the computer
system further comprises instructions to:

simulate, in the computer using a second, different scalar lattice velocity set, movement of second scalar
particles representing a second, different scalar quantity in the volume of fluid, with the second scalar
particles carried by the flow particles in the volume of fluid, and with the movement of the second scalar
particles causing collisions among the second scalar particles; and based on the movement of the second
scalar particles;
evaluate a second, different non-equilibrium post-collide scalar distribution function of a specified order that
is representative of the second scalar collision.

Claims

1. A computer implemented method, comprising:

simulating by a computing system using a scalar lattice velocity set, movement of scalar particles representing
a scalar quantity in a volume of fluid, with the scalar particles carried by flow particles of the volume of fluid,
and with the movement of the scalar particles causing collisions among the scalar particles; and
evaluating a non-equilibrium post-collide scalar distribution function of a specified order that is representative
of the scalar collision.

2. The method of claim 1 wherein the non-equilibrium post-collide scalar distribution function is Galilean invariant.

3. The method of claim 1 wherein the non-equilibrium post-collide scalar distribution function is related to relative
velocity of the flow particles in the volume of fluid.

4. The method of claim 1 wherein the movement of the scalar particles causing collisions among the scalar particles
results in a diffusion of scalar quantity through the volume.

5. The method of claim 1, further comprising:

simulating by the computing system using a flow lattice velocity set, movement of flow particles representing
the volume of fluid, with the movement of the flow particles causing collisions among the flow particles; and
evaluating a non-equilibrium post-collide flow distribution function of a specified order that is representative of
the flow collision.

6. The method of claim 1, wherein the scalar lattice velocity set, the scalar quantity and the non-equilibrium post-collide
scalar distribution function are respectively a first scalar lattice velocity set, a first scalar quantity, and a first non-
equilibrium post-collide scalar distribution function, and the method further comprises:

simulating, in the computer using a second, different scalar lattice velocity set, movement of second scalar
particles representing a second, different scalar quantity in the volume of fluid, with the second scalar particles
carried by the flow particles in the volume of fluid, and with the movement of the second scalar particles causing
collisions among the second scalar particles; and based on the movement of the second scalar particles;
evaluating a second, different non-equilibrium post-collide scalar distribution function of a specified order that
is representative of the second scalar collision.

7. The method of claim 1 wherein the non-equilibrium post-collide scalar distribution function retains non-equilibrium
moments for the scalar quantity, and eliminates non-equilibrium moments for the scalar quantity higher than the
specified order.
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8. The method of claim 1 wherein the scalar lattice velocity set supports hydrodynamic movements up to a specified
order of a scalar particle speed.

9. The method of claim 8 wherein the specified order is either:

an exponential value associated with a ratio of the fluid velocity to lattice sound speed and the lattice velocity
set supports the exponential value; or
selected from the zeroth order, the first order, and the second order.

10. The method of claim 1, further comprising:

determining using the flow lattice velocity set, relative particle velocities of particle at particular locations within
the volume of fluid, with the relative particle velocities being differences between absolute velocities of the
particles at the particular locations measured under zero flow of the fluid in the volume and a mean velocity of
the particles at the particular location within the volume; and
determining, based on the relative particle velocity, a non-equilibrium post-collide distribution of a specified
order that is representative of the collision of the particles.

11. The method of claim 1 wherein for fluid flows of a macroscopic regime the specified order is a first order moment
proportional to the gradient of the scalar.

12. The method of claim 1 wherein the non-equilibrium post-collide scalar distribution is proportional to a summation
over the scalar lattice velocity set of the Hermite polynomial divided by a factorial of the order times a non-dimensional
velocity of the fluid.

13. The method of claim 1 wherein the non-equilibrium post-collide scalar distribution is related to the summation
multiplied by a weight factor corresponding to weighting factor of particle distribution function.

14. A computer system comprising:

one or more processors; and
memory operatively coupled to the one or more processors
a computer storage device that stores instructions to cause the one or more processors to perform the method
of any one of claims 1 to 13.

15. A computer program product stored on an non-transitory computer readable medium including instructions for
causing a system comprising one or more processors and memory storing a program to perform the method of any
one of claims 1 to 13.
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