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Description

BACKGROUND OF THE INVENTION

1. Field of the Invention

The present invention relates to the system employed and circuitry used with an ensemble of clocks to obtain an
ensemble time. More particularly, the present invention relates to an improved algorithm defining ensemble time that
can be, for example, implemented with Kalman filters for obtaining an improved estimate of time from an ensemble of
clocks.

2. Description of the Related Art

For a number of years, groups of precision clocks used in combination have provided the "time" in situations in
which high precision timekeeping is required. For example, an "official" time for the United States is provided by the
atomic time scale at the National Bureau of Standards, the UTC(NBS), which depends upon an ensemble of continu-
ously operating cesium clocks. The time interval known as the "second" has been defined in terms of the cesium atom
by the General Conference of Weights and Measures to be the duration of 9,192,631,770 periods of the radiation
corresponding to the transition between the two hyperfine levels of the ground state of the cesium-133 atom. Other
clocks may be calibrated according to this definition. Thus, while each clock in a group or ensemble of clocks is typically
some type of atomic clock, each clock need not be a cesium clock.

Even though one such atomic clock alone is theoretically quite accurate, in many applications demanding high
accuracy it is preferred that an ensemble of atomic clocks be used to keep time for a number of reasons. Typically, no
two identical clocks will keep precisely the identical time. This is due to a number of factors, including differing frequen-
cies, noise, frequency aging, etc. Further, such clocks are not 100% reliable; that is, they are subject to failure. Ac-
cordingly, by using an ensemble of clocks in combination, a more precise estimate of the time can be maintained.

When an ensemble of clocks is utilized to provide an estimate of time, various techniques may be employed for
processing the signals output by the clocks to obtain the "time" (e.g. as in EP-A-0 461 557). Typically, interclock time
comparisons are made to determine the relative time and frequency of each clock. The noise spectrum of each clock
is represented by a mathematical model, with noise parameters determined by the behavior of the individual clock.
Clock readings are combined based on these comparisons and models to produce the time scale.

A problem with known systems for providing an estimate of time or a time scale based upon an ensemble of clocks
is that the individual states of the clocks are not observable and only clock differences can be measured. As a result,
there are an infinite number of solutions or estimates of time possible. Stated another way, the systems are underde-
termined. For example, in systems that implement a Kalman filter approach to estimating time, the lack of observability
and resultant underdetermined character of the system manifest themselves in covariance matrix elements that grow
on each cycle of the Kalman recursion. Since the computation is implemented on a computer system with finite accu-
racy, this growth eventually causes computational problems. In addition to reducing the consequences of lack of ob-
servabililty, it is also desirable to obtain a substantially unbiased estimate of clock performance that can be used to
achieve a ensemble time system that is adaptive. Moreover, there is a need to achieve this adaptive quality while also
maintaining or improving the robustness of the resulting ensemble time.

There is yet a further need for an ensemble time system that permits estimates of all of the spectral densities of
the clocks in the system, detects steps in state estimates, and provides improved performance over a wider range of
averaging times.

Based on the foregoing, there is a need for a system for estimating time based on a clock ensemble that addresses
the aforementioned needs.

SUMMARY OF THE INVENTION

Accordingly, one object of the present invention is to address the consequences of the lack of observability of
individual clock states in an ensemble clock system and, in particular, the plurality of solutions to the ensemble time
definition, or, stated differently, the underdetermined character of such systems.

To achieve this objective, an ensemble time system is provided that includes a plurality or ensemble of clocks, a
mechanism for measuring differences in time related parameters between pairs of clocks, and a device for providing
an ensemble time that uses the differences and an ensemble time definition with a constrained number of solutions
for the ensemble time. By providing a mechanism to constrain the number of solutions, an improved ensemble time is
realized. Further, in systems that implement the ensemble time definition with Kalman filters, the constraining mech-
anism reduces computational problems associated with the covariance matrix.
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An ensemble time system is also provided that provides a substantially unbiased estimate of the state of each
clock in the system thereby permiting the system to be adaptive. In one embodiment, the estimates of the state of each
clock is weighted in a fashion that is proportional to the rms noise of the state of the clock. In another embodiment, the
ensemble time (in contrast to the estimates of the states) is also weighted but with a different set of weights than the
state estimates, to achieve robustness and other desirable characteristics in the system.

In yet a further embodiment, a first ensemble time with a first sampling interval that provides substantially optimal
performance is combined with a second ensemble time with a second sampling interval that has substantially optimal
performance over a second range to provide a third ensemble time that has optimal performance over a greater range
than either the first or second ensemble time. In this way, estimates of the spectral densities of all the clocks can be
obtained, steps in the states being estimated can be detected, and improved performance over a wider range of av-
eraging times obtained. In one embodiment, a phase-locked loop is used to combine the first and second ensemble
times to obtain the third ensemble time.

Other objects and advantages of the present invention will be set forth in part in the description and drawing figure
which follow, and will further be apparent to those skilled in the art.

BRIEF DESCRIPTION OF THE DRAWING

Figure 1 is a circuit diagram of an implementation of the present invention.

DETAILED DESCRIPTION OF THE INVENTION

As discussed previously, one method for processing the output of a plurality of clocks (i.e., oscillators) included in
an ensemble is referred to as the Kalman approach. In this Kalman approach, one of the clocks in the ensemble is
temporarily designated as the reference clock, with the remaining clocks "aiding" the time provided by the reference
clock. Kalman filters provide state estimation and forecasting functions. Generally, Kalman filters are used to model
the performance of quartz oscillators and atomic clocks. Kalman filters act as minimum square error state estimators
and are applicable to dynamic systems, that is, systems whose state evolves in time. Kalman filters are recursive and
therefore have modest data storage requirements. When employed to provide time from an ensemble of clocks, Kalman
filters can, of course, only provide estimates that reflect the algorithms which they embody.

The novel clock model utilized in the present invention takes into account the time, the frequency, and the frequency
aging. The general form of the clock model consists of a series of integrations. The frequency aging is the integral of
white noise, and therefore exhibits a random walk. The frequency is the integral of the frequency aging and an added
white noise term, allowing for the existence of random walk frequency noise. The time is the integral of the frequency
and an added white noise term which produces random walk phase noise, usually called white frequency noise. An
unintegrated additive white noise on the phase state produces additive white phase noise.

When two clocks are compared, the relative states are the differences between the state vectors of the individual
clocks. Hereinbelow, the state vector of a clock i will be referred to as )?i. Only the differences between clocks can be
measured. In terms of the state vectors, the differences between a clock j and a clock k at time t is denoted by

%) = 3(0)-% (1)

The same approach will be used below to denote the time of a clock with respect to an ensemble. The ensemble is
designated by the subscript e. Since ensemble time is a computed quantity, the ensemble is only realizable in terms
of its difference from a physical clock.

In the present invention, the individual clock state vector is four-dimensional. In prior approaches, the comparable
state vector has more typically been a two-dimensional state vector, taking into account only a phase component and
a frequency component. In contrast, the present invention utilizes a system model which incorporates the time, the
time without white phase noise, the frequency, and the frequency aging into a four-dimensional state vector, such that
a four-dimensional state vector )'(jk(t) is as follows:

u(t)
R (8) = 50
w(t)

(1)
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where u(t) is the time of the system (in this case a clock pair) at sample (1), x(t) is the time of the system without white
phase noise at sample (1), y(t) is the frequency of the system at sample (t), and w(t) is the frequency aging of the system
at sample (t). The state vector evolves from time t to time t+6 according to

Xk 1+8)=(8) X (1) + T8 (1+31 )+ D (3)P (1) )

where ®(5) is a 4 x 4 dimensional state transition matrix, s ik is the plant noise and l"sjk(t+8lt) is a four-dimensional
vector containing the noise inputs to the system during the tlme interval from t to t+9, and pjk( ) is a four-dimensional
vector containing the control inputs made at time t.

The 4 x 4 dimensional state transition matrix ®(8) embodies the system model described above. The state transition
matrix is assumed to depend on the length of the interval, but not on the origin, such that

[N

O On
~
NN
NN

®(5) =

cococo
ook
oOr O
R o

(3)

The four-dimensional vector F(S)Ejk(t+8lt) contains the noise input to the system during the interval from t to 1+,
where

Blx(£+8)

eé.k( t+3]¢t)
N5k (E+8] )
afp(e+3]t)

S (E+8|t) =

(4)
1100
CREH
0001
(5)

and where B (t+8) is the white time noise input between clocks j and k at time (t+3), &' (t+5It) is the white frequency
noise input at time t+9, nlk(t+8lt) is the random walk frequency noise input at time t+8 and o k(t+5lt) is the random
walk frequency aging noise input at time t+96. Each element of s(t+8lt) is normally distributed W|th zero mean and is
uncorrelated in time. The four-dimensional vector p( ) contains the control input made at time t.

Equation 2 generates a random walk in the elements of the state vector.

A single observation z(t) can be described by a measurement equation. Such an equation relative to clocks j and
k can take the following form:

Z, (= H(O X D+ V(1) (6)

where H(t) is a 1 x 4 dimensional measurement matrix and v(t) is the scalar white noise. An observation made at time
tis linear-related to the four elements of the state vector (Equation 1) by the 1 x 4 dimensional measurement matrix
H(t) and the scalar white noise v(t).

The noise covariance matrix of the measurement noise, R(t), is defined as follows:
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T

R(IN=ETVi(D V(0] (7)

where E[] is an expectation operator and \7jk(t)T is the transpose of the noise vector.
Phase measurements of the clock relative to the reference are described by

H(t)=( 100 0)and R:cﬁzjk. 8)

2 . .
where O ik 18 the variance of the phase measurement process.
Similarly, the frequency measurements are described by

H(=(0010)and R=c%,

9)

Qk(1+81t) is the covariance matrix of the system (or plant) noise generated during an interval from t to t+9, and is
defined by

O (t+81t)= ET8(t+31)8(t+516) 1] (10)
The system covariance matrix can be expressed in terms of the spectral densities of the noises such that
QX(t+8]f =
SOf, 0 0 0
0 SKhs+Skns%3+SE(9e%20 S(nd%2+SL(H848 SL(Hd%6| (11)
0 SK(98%2+S¥(n3*/8 Skne+SE(ps33  SE(9sY2
o Stse SE(ns?2 AL

where f, is an infinitely sharp high-frequency cutoff. Without this bandwidth limitation, the variance of the white phase
additive noise would be infinite. The clock pair spectral densities are the sum of the individual contributions from each
of the clocks,

§gs* (12)

where Si and Sk are the spectral densities of clocks | and k, respectively.
An alternative way to write the elements of the plant co-variance matrix for a clock pair jk is

ETB(t+3)B(1+3)] = S5(1)7, (13)

Ele;(t+311)e,(++311)] = SL(5+80(157/3

+s’g‘( £)5°/20 (14)
ETn(t+310m,,(t+31)] = 8(08+ 8/ (n8°/3 (15)
Ela(t+811) 0y (£+310)] = S[()3 (16)
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ETB(t+310)e,(1+510)] = 0 (17)
ETB(t+311)1,,(£+518)] = 0 (18)

ETB (t+31)cuy (£+518)] = O (19)
Ele(t+311)n,(1+31)] = S (08°/2+.8L(1)5'/8 (20)
Ele(t+311) au (1+31)] = S[(1)5°/8 @21)
ETn(t+311) au (1+510] = S[()5%/2 (22)

The spectral density of a noise process is the noise power per Hz bandwidth. The integral of the spectral density is
the variance of the process. Thus, for a two-sided spectral density of the noise process a,

o = [*.S,(f)df.

a

It is this form of the plant covariance (i.e., Equations 13 - 22) which will be used to calculate the plant covariance
of the reference clock versus the ensemble.

As discussed briefly above, one of the clocks in the ensemble is used as a reference and is designated as clock
j- The choice of clock j as the reference clock is arbitrary and may be changed computationally. The role of the reference
clock j is to provide initial estimates and to be the physical clock whose differences from the ensemble are calculated.
Given that the ensemble consists of N clocks, each of the other N-1 clocks is used as an aiding source. That is, each
of the remaining clocks provides an independent representation of the states of clock j with respect to the ensemble.
As indicated, these states are time, frequency, and frequency aging. The present invention defines the states of each
clock with respect to the ensemble to be the weighted average of these representations, and the present invention
provides a user with full control over the weighting scheme. Given ;((tzlt1) denotes a forecast of X at time t; based on
the true state through time t,, time, frequency, and frequency aging of a multiple weight ensemble can be defined as
follows:

N

U (t+8)= i);j afO]ult+5 | +uft+8)] (23)
N

Yi(t+d)= 12_1: bAO[Yo(t+8 [ +y(t+5)] (24)
N

W (t+8)= 121; D[ wie(t+8 |+ w(t+8)] (25)

Each new time of a clock j with respect to the ensemble depends only on the prior states of all the clocks with respect
to the ensemble and the current clock difference states. The ensemble definition uses the forecasts of the true states
from time t to t+6, that is,
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X(t+31 =D (t+31H)x(1) (26)

where )?(t+8|t) is the forecasted state vector at time (t+8) based on the true state through time t. No unsupported
estimated quantities are involved in the definition.

Prior approaches have frequently used relations superficially similar to that found in Equation 23 to define ensemble
time. However, as the present inventor has found, Equation 23 alone does not provide a complete definition of the
ensemble time. Since the prior art does not provide a complete definition of the ensemble time, the filters employed
in the prior art do not yield the best estimate of ensemble time. The present invention provides a more complete
definition of ensemble time based not only on the time equation (Equation 23), but also on the frequency and frequency
aging relations (Equations 24 and 25).

The time-scale is used to correct the time of its individual members. Thus the time of the time-scale is obtained
from the relation

u(t)= uj(t)- uje(t). (26-1)
Since we can only estimate the time of a clock with respect to the time-scale, the computed correction is

corr

uZ () =ui(t) -0 (1) =0,(110) +uy(t)-a 0], (26-2)

Equation 26-2 means that we use the correction Jj (tlt) to the time of clock | in order to perform an action according
to the time-scale. Thus if clock j is estimated to be 2 seconds fast compared to the time-scale, all actions that are
synchronized to the time-scale are performed when clock j reads 2 seconds after the designated time. The error in the
correction ucor(t) relative to the true time-scale, u,(t), has two components - the error in the estimate of the ensemble
and the error in the estimate of the clock |.

Equations 23, 24, and 25 are still not a unique definition because the individual clock states are not observable
and only clock differences can be measured. Thus, an infinite number of solutions satisfy Equations 23, 24, and 25.
For example, if uy, Us,..., Uy, Ug is & solution, then uy+p, Us+p,..., U,+P, U.+p is also a solution. What the clocks actually
did is unknown and difference measurements cannot detect what truly happened. The correction term discussed above
is not affected by the ambiguity of the individual clock and time-scale estimates since it involves their differences.
However, the ambiguity produces practical problems. For example, when a Kalman filter is used to estimate the indi-
vidual states, the covariance matrix elements grow on each cycle of the Kalman recursion since these states are not
observable. The increasing size of the covariance matrix elements will eventually cause computational problems due
to the finite accuracy of double precision math in a computer. The mixture of the two components of the covariance
matrix elements may also cause problems with algorithms that use the covariance matrix elements to estimate the
uncertainty of the state estimates. For example, the covariance matrix elements are used in parameter estimation and
also to detect outlier observations before they are used in the state estimation process.

One way to eliminate the ambiguity that arises from the impossibility of making absolute time measurements is to
introduce an independent relationship among the individual clock states that constrains the solution. To see how this
might be done, we rewrite the ensemble definition in a different form:

N

U(t+8) - u(t+8]0 = 3 affluft+8) - uft+5]0] (26-3)
15 ]
N

Yo(t+83) -y (t+5 8 = ; b(OLy[t+8) - y(t+8 8] (26-4)
N

W (t+8) -w (t+8]0 = Y c(O{w/(t+8) - w(t+5 1) (26-5)
=1
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We interpret these equations as follows. The difference between the true time-scale state at time t+6 and the forecast
based on the true time-scale state at time t is the weighted mean of the differences between the true clock states at
time t+6 and their forecasts based on the true clock states at time t. That is, the time-scale is the centroid of the individual
clocks.

When the ensemble is composed of high quality atomic clocks, we believe a priorithat the deviations of the clock
times from a uniform time scale are random and uncorrelated. It is possible to force the estimates of the individual
clock states to reflect this assumption. This is accomplished by introducing three constraint equations that select the
solution with the desired properties:

N
Y afluft+8) -uft+5]8] = 0 (26-6)
=1

N

Y bily(t+8) -y[t+5]8] = 0 (26-7)
=1

N

Y cilw(t+8) -w(t+5]9] = O (26-8)
=1

The parameters a;, b'; and ¢'; may be chosen arbitrarily. However, the constraints have the undesirable effect of intro-
ducing correlation between the clocks. For example, in the case of two clocks, if one has a positive deviation the other
must have a negative deviation. The resulting variances of the noise inputs are not equal to the true variances for
arbitrary choices of the coefficients. To resolve this limitation, the coefficients a';, b'; and c'; are selected so that the
noises on the estimated states of each clock are nearly equalto the true noises of that clock for all possible combinations
of clocks with different levels of noise. We find that the coefficients are proportional to the rms noise on the clock states:

N -1
al ! L (1a)

- Yy
JEIB:y + Eleied | (EIB)BA + Hele]

N -1

W [E 1 (1)
VElind |7 yBnni]
N 11

o -——\y = (10)
VEeked |1 {Eaje] |

When these coefficients are used to scale the noise inputs to the clocks, the scaled noises all have unit variance. The
constraint equations say that the sum of the unit variance noise inputs from all the ensemble members is zero. Heu-
ristically, this seems very reasonable.

When the constraint equations are used one obtains estimates for the true states of each clock and an independent
estimate of the time scale. The former are important in obtaining unbiased estimates of the spectral densities of the
clocks. The latter permits the generation of system time using arbitrarily chosen weights. Separating the estimation of
the truth from generation of the time scale increases flexibility and reduces biases.

The parameters g, b, and ¢; of equations 26-3 through 26-5 may be chosen arbitrarily. However, we note that
when a'j = a, b’ =b, and 6'i = ¢, then the ensemble states are identically zero and the correction term for realizing the
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time-scale via a clock reduces to the time state of that clock. The constraining equations result in solutions for the clock
states that are centered about zero and is a particular case of the time-scale definition. Using the constraint equations
has a beneficial effect on the Kalman filter solution to the estimation problem. They relieve the nonobservability of the
problem, and the covariance matrix approaches a finite asymptotic value. Such constraining equations are applicable
to ensembles of other types of clocks than high quality atomic clocks. Further, comparable constraining equations can
be applied to the ensemble time definition taught in the article by Richard H. Jones and Peter V. Tryon entitled "Esti-
mating Time From Atomic Clocks", Journal of Research of the National Bureau of Standards, Vol. 88, No. 1, pp.17-24,
January-February 19883, incorporated herein by reference.

As noted above, a(t), b;(t), and c;(t) represent weights to be chosen for each of the three relations described in
Equations 23 through 25 for each of the N clocks in the ensemble. The weights may be chosen in any way subject to
the restrictions that all of the weights are positive or 0 and the sum of the weights is 1. That is,

N

N N
Y. a(h=) b=y cfn=1 27)
=1 1

The weights may be chosen to optimize the performance (e.g., by heavily weighting a higher quality clock relative to
the others) and/or to minimize the risk of disturbance due to any single clock failure.

In contrast to the known prior approaches, the present invention provides a time scale algorithm that utilizes more
than one weighting factor for each clock. Accordingly, the present invention is actually able to enhance performance
at both short and long times even when the ensemble members have wildly different characteristics, such as cesium
standards, active hydrogen masers and mercury ion frequency standards.

The use of multiple weights per clock improves the performance of the time scale compared to the use of a single
weight per clock. However, it is possible to achieve additional performance improvements by combining independent
time scales that are computed using different sampling rates. Let us consider heuristically why this would be so.

Suppose time scale A has a sampling interval of 6 that is in the region where all the clocks are dominated by short-
term noise such as white frequency noise. Further suppose that the clocks have widely varying levels of long-term
noise such as random walk frequency. The apportionment of noise and the estimation of frequencies for time scale A
is done based on time predictions over the short interval § where the effects of the long-term noises are visible with a
signal-to-noise ratio that is significantly less than 1.

Now suppose that time scale B has a sampling interval of k8, where k is large compared to 1, that is in the region
where all of the clocks are dominated by the long-term random walk frequency noise. The apportionment of noise and
the estimation of frequencies for time scale B is done based on the time predictions over the long interval k6 where
the effects of the long-term noises are visible with a signal-to-noise ratio that is significantly greater than 1. This time
scale will have more accurate apportionment of the long-term noises between the clocks because there will be no
errors made in the apportionment of the short-term noise (an incorrect fraction of O is still 0).

Time scale A may be phase locked to time scale B to produce a single time scale with more nearly optimal per-
formance over a wider range of sample times than the individual time scales. This method may be used to combine
as many time scales as necessary. Each time scale is phase locked to the time scale with the next largest sampling
interval. The time scale with the longest sampling interval is allowed to free run. A second order phase lock loop should
be used to combine two time scales. This type of loop results in zero average closed loop time error between two time
scales no matter how large the open loop frequency differences between the two scales.

Next, computational methods suitable for estimating the clocks states and the time scale are described. Through
algebraic manipulations, the ensemble definition can be written in a form which is amenable to Kalman filter estimation.
It can be shown that

X 148)=(8) Xjo()+T5 , (£+310)-D(3) Py ( 1) (28)

where

N
Bult+d10 = 32 a(o[At+310-BLt+310) (9)
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N
elt+8 10 = ;: a[l)[e;(t+6|t)— e§(t+6|t)]. (30)

N
np(t+3 ]9 = )Y b{t[n/t+810-n(t+3|9] and (31)

N
ap(t+8]) = ; chnfaf(ts8]9-ai(t+510) (32)

where Equation 29 represents the additive white phase noise, Equation 30 represents the random walk phase, Equation
31 represents the random walk frequency, and Equation 32 represents the random walk frequency aging.

This version of the ensemble definition is in the form required for the application Kalman filter techniques. As
discussed above, the advantage of the Kalman approach is the inclusion of the system dynamics, which makes it
possible to include a high degree of robustness and automation in the algorithm.

Next we describe two methods of using Kalman filters to estimate the times of the clocks with respect to the
ensemble. The first method uses N separate Kalman filters to estimate the states of each of the N clocks.

Kalman Method 1: In order to apply Kalman filters to the problem of estimating the states of a clock obeying the
state equations provided above, it is necessary to describe the observations in the form of Equation 6. This is accom-
plished by a transformation of coordinates on the raw clock time difference measurements or clock frequency difference
measurements. Since z may denote either a time or a frequency observation, a pseudomeasurement may be defined
such that

25 (£) +0,, (6] £;) +Pyro (£5] ;) ,
zE (£) = for time observations
Jet T2 - ij<t2)+yke<tzltl) +Pyke(t2|t1) .
for frequency observations.

(33)

This operation translates the actual measurements by a calculable amount that depends on the past ensemble state
estimates and the control inputs.

An additional requirement for the use of the usual form of Kalman filters is that the measurement noise, Vie, is
uncorrelated with the plant noise, I"Eje. However, this is not true for the measurement model of Equation 33. Through
algebraic manipulations, it has been found that the noise perturbing the pseudomeasurements can be characterized as

ij(tz)+[ake(t2|t1)+Puke(t2|t1)‘ U (£) ] .
vk (e = for time observations
7e 2t - ij(t2)+[9ke(t2|t1) +Pyke(tzlt1) —yke(tz)] i
for frequency observations.

(34)

This pseudonoise depends on the true state at time t, and is therefore correlated with the plant noise which entered
into the evolution of the true state from time t, to time t,. The correlation of these noises is represented by a matrix C
defined by

Cl(ty) = EI5 (L1t V(1)) (35)
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. . » . .
For the case of a single time measurement, v is a scalar and C is a 4 x 1 matrix where,

C}‘(;?) -
| ‘)NZI A ()PP - atIBILIB(L) ~ at)BLBLL)

. g:af (tl)e.((tzlt,)e,’(tzlt,) - “J(’x)efl(‘zl‘l)ell('zlh) - ak(tl)ei(tzitl)ell:(tzlﬁ)
g) a )bttt 1) - al)etItn)& L) - bE)eln i, 1)
g a el )elt [ty t) - alt el lt)alt,it) - o)l t)ai, e .

(36)
For a single frequency measurement,
c/@) =
| 0
N
)Y a6 )bt et el |) - o)t ltmie ) ~ bleelen,1e)
N
“E 'X;b.-’(t.)nf(tz)n:(tz) - /L) - at)nt)ne)
N
“Zl: bt l)ais; 1) - blnlt)alt) - e nie |t )
€Y)

One method of resolving this difficulty is to extend the Kalman filter equations to allow correlated measurement and
plant noise.

In this regard, it is possible to have a Kalman recursion with correlated measurement and plant noise. The error
in the estimate of the state vector after the measurement at time t; is )’((t1 It1)-;( (t1) and the error covariance matrix is
defined to be

P(tl Itl) = E { [ﬁtl I‘])—f(tl)] [ﬂﬁltl)—f(tl)]r}
(38)

The diagonal elements of this n x n matrix are the variances of the estimates of the components of )?(t1) after the
measurement at time t;. The error covariance matrix just prior to the measurement at time t, is defined as
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P(tzltl) =E { [-f(tzltl) -f(tz)] [-i’(tzltl) -ﬁtz)]r }
(39)

The error covariance matrix evolves according to the system model, such that
P(t,lt) = O(3)P(t, It J0(3) + TQ(L It )T (40)

The new estimate of the state vector depends on the previous estimate and the current measurement,

-ﬂtzltz) = °(5)ﬂt1!tl) + 0(5)}3’(&)
+ K(t)] dty)-H) PO, [t)) - Hity) (8)p(t)]

(41)

where the gain maitrix, K(t,), determines how heavily the new measurements are weighted. The desired or Kalman
gain, Ky, is determined by minimizing the square of the length of the error vector, that is, the sum of the diagonal
elements (i.e., the trace) of the error covariance matrix, such that

K,’,(tz) =P (‘2 lt I)H (‘2)1'
x [H@P(, [DH(EG)T+R() +Ht,)Cl) +COTHAY

42
Finally, the updated error covariance matrix is given by

P(t,]t)= (I-K@H@)|P(, | YI- K H()|T
+KRWK)T - [[-K () HE)CE)K @)
-K(6)CTONI-K ) H()|"

(43)

where | is the identity matrix.

Equations 40 - 43 define the Kalman filter. As defined, the Kalman filter is an optimal estimator in the minimum
squared error sense. Each application of the Kalman recursion yields an estimate of the state of the system, which is
afunction of the elapsed time since the last filter update. Updates may occur at any time. Inthe absence of observations,
the updates are called forecasts. The interval between updates, 6 =1, - t,, is arbitrary and is specifically not assumed
to be constant. It is possible to process simultaneous measurements either all at once or sequentially. In the present
invention, simultaneous measurements are processed sequentially, since sequential processing avoids the need for
matrix inversions and is compatible with outlier rejection.

As will be appreciated by those skilled in the art, implementation of the relationships defined in Equations 40 - 43
as a Kalman filter is a matter of carrying out known techniques.

For the estimation of the reference clock versus the ensemble, the first step is the selection of a reference clock
for this purpose. The reference clock referred to herein is distinguished from a hardware reference clock, which is
normally used as the initial calculation reference. However, this "software" reference clock normally changes each time
the ensemble is calculated for accuracy.

As discussed above, the ensemble consists of N clocks and therefore N estimates of the ensemble time exist.
Thus, the first estimate of the ensemble time cannot be rejected and must be robust. To obtain this robust initial estimate,
the median of the pseudomeasurements is computed. The clock which yields the median pseudomeasurement is
selected as the calculation reference clock, and is designated clock r. In this regard
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z,; = median {Zi"}kfl

(44)

Ofthe N pseudomeasurements, one pseudomeasurement is a forecast and the remainder of the pseudomeasurements
add new information. New pseudomeasurements must be calculated if the reference for the calculation has changed.
To change reference clocks from one clock to another, i.e., from clock j to clock r, it is necessary only to form the
difference, such that

zZ,=2, -2, (45)

This procedure works even if the initial reference clock (clock r) has been corrupted by some large error.

Once a reference clock has been identified, the plant covariance matrix may be calculated. There are ten inde-
pendent elements, seven of which are nonzero. These ten elements, which correspond with Equations 13 - 22, are as
follows:

E[Bubr] = a-aYE[BB]Y 4iE [pip]

(46)
E [ef,ef, = (1-a)E [e:ef]+z alE [e,{e,-’]
(47)
E [npng = A-BYE [njn]+Y BE [nin]]
(48)
E [aLa:,] = (1-c)E [aia:]+z cE [ai'ag]
{er
49)
E [B;e:‘ =0
(50)
E[Bn;] =0
(51)
E[Ba,] =0
(52)
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N
E [eun.] = (-a,-B)E[en] + 3 apE [ein]

(33)
E [eﬁ,af‘] = (1-a,-¢c,)E [e:a:] + X~: acE [e,(aﬂ
i=1
(54)
E [n;a:,] = (1-b,-c)E [n:aﬁ] + ZN: bcE [n,{a,q
i=]
(5)

The initial state estimate at time t, is a forecast via the reference clock r. The initial covariance matrix is the cov-
ariance before measurement. The data from all the remaining clocks are used to provide N-1 updates. The pseu-
domeasurements are processed in order of increasing difference from the current estimate of the time of the reference
clock r with respect to the ensemble. Pseudomeasurement I(k) is the "k"th pseudomeasurement processed and [(1)
is the reference clock forecast. Outliers (i.e., data outside an anticipated data range) are "de-weighted" when processing
pseudomeasurments 2 through N using the statistic

2 _ ItV
E [7n72]

k
where the ¥ (to) is the innovation or difference between the pseudomeasurment and the forecast, such that
re

Ty (8) =2ty - H(8) D (@, |1, Y7ty 11,) +5(2,))

(56)
This equation can be rearranged in the form
Vr(t) =) - HE ), |1) %)
ey
After squaring and taking the expectation value, the result is
E [VLT2)T]=H PG, 8 HE)T+R() +2HETC]G)
(58)

To preserve the robustness of the state estimation process, deweighting of the outlier data is used rather than
rejection. This preserves the continuity of the state estimates. A nonoptimum Kalman gain is calculated from

_ Y@ (59)

K’ q opt
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where

q if lql<a
V(@) = ;'f—d{ﬁ—q] if a<|q|sb
0 if lql>b

(60)

is the Hampel's y function.

When this calculation is concluded, the estimates of the states of the reference clock r with respect to the ensemble
have been provided. The corresponding estimates for the remaining clocks are obtained by their values with respect
to the reference clock r. This procedure is used rather than estimating the clock parameters directly with respect to the
ensemble because the innovations of this process are used in parameter estimation.

The estimates of the clocks relative to reference clock r are obtained from N-1 independent Kalman filters of the
type described above. The four dimensional state vectors are for the clock states relative to the reference clock r

u 1)
x
YLD
w

rm =

(61)

Every clock pair has the same state transition matrix and T" matrix, which are provided for above in Equations 3 and
5. The system covariance matrices are Qif(t+ Slt). The white phase noise is given by the measurement model

» > >
Z,=Hx v, (62)

where each measurement is described by the same 4 x 1 row matrix
H,=(1000)0r(0010) (63)

The updated difference dates are provided in Equation 41, which is one of the equations which define the Kalman
filter. No attempt is made to independently detect outliers. Instead, the deweighting factors determined in the reference
clock versus ensemble calculation are applied to the Kalman gains in the clock difference filters. The state estimates
for the clocks with respect to the ensemble are calculated from the previously estimated states of the reference clock
r with respect to the ensemble and the clock difference states, such that

;je(t2|t2) = ;re(t2|t2) ) ;r]’(t2|t2) (64)

This essentially completes the calculation of ensemble time. The remaining task is to update all of the parameters
used in the computation. The parameter estimation problem is discussed more completely below. Briefly, the parameter
estimates are obtained from prediction errors of all possible clock pairs. Accordingly, rather than computing Kalman
filters for N-1 clock pairs, the calculations are performed for N(N-1)/2 pairs, ij, for i=1 to N-1 and j=i+1 to N. Certainly,
in a large ensemble, this may entail significant computation. But little information is added by comparison of noisy
clocks with one another. For each noise type, a list of the five clocks having the lowest noise can be formed. If the
index i is restricted to this more limited range, then only 5N-15 filters are required for each parameter estimated.

Next we describe an alternate method of estimating states of the clocks by combining these states into a single
state vector and using one Kalman filter.
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Kalman Filter Method 2: The ensemble definition can be implemented using the Kalman filter method by combining
the states of all the clocks into a single state vector which also explicitly contains the states of the time-scale. The clock
model is written in matrix form as follows:

u, (1)
x,(0
y 1(’)
Wl(l)

u N.(r)
20 = *0
Y0
w()
u, 0
x (8
y,®
| w(0)]

(64-1)
The state vector evolves from time t to time t+d according to

X(t+8)=®(8)X(1)+8(t+811)+D(3)p(1) (64-2)

where the 4(N + 1) x 4(N + 1) dimensional state transition matrix ®(3) embodies the system model described above.
The state transition matrix, ®, depends on the length of the interval, but not on the origin. It consists of N + 1 identical
4 + 4 submatrices, ¢, arranged on the diagonal of a 4(N + 1) dimensional matrix that has zeros in all other positions.
¢ is state transition matrix for an individual clock (or clock pair) given in Equation 3.

The 4(N + 1) dimensional vector E(t + dlt) contains the noise inputs to the system during the interval fromttot +
6. Thus,

[B1(6+8) +€{(r+810)
e t+3 9
ny(t+3]0
aj(t+3 9

Ba(r+8) +ex(t+3|0)

sl =|  er+dl)
e+ 10
apt+3|0)

PLr+8)+e(t+8]0)
el@+d|n
N1+ o)

al(t, 10

(64-3)

Each element of §(t + dlt) is normally distributed with zero mean and is uncorrelated in time. Finally, the 4(N + 1)
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dimensional vector E(t) contains the control inputs made at time t. Equation 64-2 generates a random walk in the
elements of the state vector.
A set of r observations, E(t) is described by the measurement equation

Z(H=HOX(D+v (D) (64-4)

which means that the observations made at time t are related linearly to the 4(N + 1) elements of the state vector by
the r x 4(N + 1) dimensional measurement matrix H(t) and the r dimensional white noise vector \7(t). The noise covar-
iance is defined as:

] (64-5)

For example, the phase measurements of clocks 2 and 3 relative to clock 1 in a three clock ensemble are described by:

1000-1000 0 0000000

1) = .
HO) [10000000—10000000

(64-6)

If the measurements are made simultaneously by a dual mixer measurement system the measurement covariance
matrix is:

R o 21
<1 2f

(64-7)

where 62, is the variance of the phase measurement process. Similarly, the frequency measurements are described by

001000-1000 000000

H@) =
0010000 000-100000

(64-8)

The system (or plant) covariance matrix is defined as follows

Q(t+811) = E [3(t+310)5(t+318) ] (64-9)

and can be expressed in terms of the spectral densities of the noises of the individual clocks using Equations 13 - 22.
The Kalman recursion described here is the discrete Kalman filter documented in "Applied Optimal Estimation",
A.Gelb, ed., MIT Press, Cambridge, 1974. His derivation assumes that the perturbing noises are white and are normally
distributed with mean zero. He further assumes that the measurement noise and the process noise are uncorrelated.
The error in the estimate of the state vector after the measurement attime t, is X (tq1t4 )-)'( (ty) and the error covariance
maitrix is defined to be
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- - T
P(t,|t,) = E{[z(clm) —5&(::1)] [2(c1|c1) -2(::1)] }

(64-10)

The diagonal elements of this n x n matrix are the variances of the error in the estimates of the components of ;((t1)
after the measurement at time t;. Next, the error covariance matrix just prior to the measurement at time 1, is defined as

- - T
P(t,|ty) = E{[}?(t2|t1) —:‘:‘(tz)] [J?(tzltl) —z(cz)] }
(64-11)

The error covariance matrix evolves according to the system model.
P(t,1t,) = ®(3)P(L, It1)CI>(8)T+ Q1) (64-12)

The new estimate of the state vector depends on the previous estimate and the current measurement

-~

Z(t,|E,) = ®(8)R(L,|t,) +®(8)B(L,)

+K(t,)|Z(¢t,) —H(t,) ®(8) X(t |t)) -H(L,) ®(8)P(¢,)

(64-13)

where the gain matrix, K(t,), determines how heavily the new measurements are weighted. The optimum or Kalman
gain, Kqpy, is determined by minimizing the "square of the length of the error vector”, ie., the sum of the diagonal
elements (the trace) of the error covariance matrix

Kopt(tz):P(tzlt1 )H(t2)7-[H(t2)P(t2It1)H(t2)7-+.‘::’(t2)]'1 (64-14)
Finally, the update error covariance matrix is
P(t,1L,) = [I-K(t2)H(t2)]P(t2It1)[I-K(t2)H(t2)]T + K(t,) R(t,) (64-15)

where | is the identity matrix. Equations 64-12 through 64-15 define the Kalman filter, and so defined it as an optimal
estimator in the minimum squared-error sense. Each application of the Kalman recursion yields an estimate of the
state of the system, which is a function of the elapsed time since the last filter update. Updates may occur at any time.
In the absence of observations, the updates are equal to the forecasts. The interval between updates, 6 =1, - t;, is
arbitrary and is not assumed to be constant over time. It is possible to process simultaneous measurements either all
at once or sequentially. Simultaneous processing is used here since it is more compatible than sequential processing
with outlier deweighting.

The ensemble definition is used to generate those plant covariance matrix elements that involve ensemble states.
It should also be used to connect the individual clock states to the ensemble states. This may be accomplished in an
approximate manner by implementing three pseudomeasurements. We rearrange the ensemble definition and replace
the forecasts based on the true states by the forecasts based on the prior estimates to obtain

18



10

15

20

25

30

35

40

45

50

55

EP 0 593 243 B1

N N
Y (0 Uy (£v8) ~u, (£48) = 2; a; (£) 4, (£+8) -0, (t+5)

(64-16)

N N - N
Y, ai () y; (£+8) -y (t+8) = Y a;(t)y (t+8) -y (£+d)
i=1 i e

=1
(64-17)
N N - -
Z a; () w; (£+8) -~w,(t+8) =Y a;(E)w (t+8) -w (t+3)
i=1 i=1 i e
(64-18)

The measurements on the left side of these equations are described in the H by adding three additional rows.

a00 0ao00 0300 0 -100 O
0 0b 0 00b, 0 00 b, 6 0 0 -1 0
0 00c¢ 0O0O0TC,~000TCc,O0O0T 0 -1

(64-19)

The constraint equations may also be implemented using pseudomeasurements. This is particularly simple when the
coefficients of the constraint equations are the weights. In that case the pseudomeasurements are:

u (t+8)=0 (64-20)
Y, (t+8) =0 (64-21)
W, (t+8) =0 (64-22)

The measurements on the left side of these equations are also described in the H matrix by adding three more rows.

0000O0D0DO0DO0O-~0001000
00000O0O0OO0-~0000D010
00000000 -~-000000O0T1

(64-23)

Outliers are detected using the method developed by Jones et al., "Estimating Time From Atomic Clocks", NBS
Journal of Research, Vol. 80, pp. 17-24, January-February 1983, and are deweighted following the recommendation
of Percival, "Use of Robust Statistical Techniques in Time Scale Formation", 2nd Symposium on Atomic Time Scale
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Algorithms, June, 1982.
The innovation, c(tz), is the difference between the observations and the forecasts,
V(t,) =2 (t,) —H(tz)Q(t2|t1)[5€(tl|t1) +B(E,)
(64-24)
It has a covariance matrix given by:

C = H(ty) P(t,1t ) H(t,) T + R(ty). (64-25)

Outliers are not detected by dividing each element of the innovation vector by the corresponding element of the cov-
ariance matrix since clock differences are being measured and the elements of the innovation vector are correlated.
When there is an error in the reference clock for the measurements, a constant bias will occur in all of the measurements.
When there is an error in any other clock, the error will occur in only those measurements involving that clock (usually
one). If clock j changes time by an amount fj, then the innovation may be written

V(t+8)= gf +0, (64-26)

where the error vector, g has covariance matrlx C. The column vector, g has all ones when clock j is the reference
clock. When clock j is not the reference clock, gl has zeros for measurements that don't involve that clock and mlnus
one for any measurement that does. Following Jones, the minimum variance least squares estimate of f;, for a given 91 is

p_GCV 64-27
T T 1’ ( - )
;C 9
and has standard error
If the test statistic,
A 1
s.e(f)=——— (64-28)
e
gj c gj
N N
q = fi/s.e(f) (64-29)

is large in absolute value, then clock j is assumed to have an error.

Deweighting of erroneous measurements, rather than rejection, of the outlier data is used to enhance the robust-
ness of the state estimation process. Deweighting preserves the continuity of the state estimates. On the other hand,
rejecting outliers results in discontinuous state estimates that can destabilize the time-scale computation by causing
the rejection of all members of the time-scale. A non-optimum Kalman gain is calculated from

Wa(Q) K

k=T K, (64-30)

where
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g if |gisa
Uala) =2 |2 - q| if a <qisb
" b-a | i if jqi>b

(64-31)

is Hampel's y function.

Since the reference clock appears in every measurement, it can't be deweighted. Thus, the first step in the outlier
deweighting process is to find a good reference clock. Once this is accomplished, all the measurements are processed
and deweighting factors are computed for the remaining clocks as necessary.

The outlier detection algorithm of the ensemble calculation identifies the measurements which are unlikely to have
originated from one of the processes included in the model. These measurements are candidate time steps. The
immediate response to a detected outlier in the primary ensemble Kalman filter is to reduce the Kalman gain toward
zero so that the measurement does not unduly influence the state estimates. However, the occurrence of M; successive
outliers is interpreted to be a time step. The time state of the clock that experienced the time step is reset to agree with
the last measurement and all other processing continues unmodified. If time steps continue until M, successive outliers
have occurred, as might happen after an extremely large frequency step, then the clock should be reinitialized. The
procedure for frequency steps should be used to reinitialize the clock.

Most frequency steps are too small to produce outliers in the primary ensemble Kalman filter. This is because the
small frequency steps do not result in the accumulation of large time errors during a single sample interval. Thus, all
but the largest frequency steps are detected in secondary ensemble Kalman filters that are computed solely for this
purpose. A set of filters with a range of sample intervals will result in the early detection of frequency steps and also
produce near optimum sensitivity for a variety of clocks and performances. Recommended sample intervals are one
hours, twelve hours, one day, two days, four days, eight days and sixteen days. Since time steps have already been
detected (and rejected) using the primary ensemble filter, outliers detected by the secondary filters are considered to
have resulted from frequency steps.

When a frequency step is detected in one of the clocks, for example, clock k, it is desirable to reduce the time
constant for learning the new frequency. Therefore, a new value is calculated for the spectral density of the random
walk frequency noise. First, the estimate of Sk is increased sufficiently so that the detected outlier would have been
considered normal. Then, the weights of the clock k are decreased to small values or zero to protect the ensemble.
The clock k is then reinitialized using a clock addition procedure.

As discussed previously, the clock weights are positive, semidefinite, and sum to one, without any other restriction.
Itis possible to calculate a set of weights which minimizes the total noise variance of the ensemble. First, the variance
of the noise in the ensemble states is calculated. This is represented by the following equations:

(8,61 = 3 aiz[plp]

1=1
(65)
N
E[ei€s) = Y. aliE [ele]]
=
(66)
= I
Enonz] = Y, bIE[nini]
=
(67)
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Elelal] = 3 ciE[ala]

i=1

(68)

The weights which minimize the noise on the states u,, y., and w, are obtained by minimizing the appropriate diagonal
elements of T, §,TTT, such that

L. HPLpLeHelel] _ 1 3 1 .
“ HpiBi|+Helel]  EHBiBi|+Heiel] |5 EpiBL]+Helel]
(69)

b, - Hnene _ 1 [& 1 |7
Hnini]  Hnind] | Eninj
(70)
@o0p 1 - 1 |7
= Z[[aiad ) Hajai] ; Halaf]
(71)

Alternatively, the weights can be chosen to have equal weighting for each member of the ensemble. In this case,
a=b,=c,=1/N.

Minimizing the noise of the time-scale is not necessarily the best approach to clock weighting. The time-scale is
realized by following Equation 26-2 and subtracting the estimate of a clock with respect to the time-scale from the
actual time of the clock. Thus, the physical realization of the time scale is both perturbed by the time-scale noise and
also is in error due to the need to estimate the difference between the time of the clock and the time-scale. When the
error in this estimation process is dominant, using clock weights that minimize the theorectical noise of the time-scale
is not appropriate. It has been found empirically that when the ensemble members differ dramatically in performance,
the weights that minimize the time-scale noise do not optimize the overall performance of the physically realized time-
scale using Equation 26-2. The situation can be improved by changing the weights associated with the time state and
keeping the frequency and frequency aging weights. Thus the weights

-1
1 ud 1

Q= Y T 7 z,: Tl T T
VEIBLBL] +Eleer] |71 JE[BIBII+ElcIC]]

(71-1)

are used with the optimum b and ¢ weights. This weighting scheme produces optimum long-term performance and
slightly suboptimum short-term performance in some circumstances, but is much superior to the time-scale noise min-
imizing weights when the clocks have very dissimilar performances. The weights of Equation 71-1 are strictly optimum
when the clocks have equal performance.

Whatever the method used, the clock weights are chosen in advance of the calculation. However, if there is one
or more outliers, the selected weights are modified by the outlier rejection process. The actual weights used can be
calculated from
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N
ar = K.Jt(j) H (1‘K§u))

I=j+1

(72)

where K'|(4y is defined as 1 and the indexing scheme is as previously described. To preserve the reliability of the
ensemble, one usually limits the weights of each of the clocks to some maximum value a,,,. Thus, it may be necessary
to readjust the initial weight assignments to achieve the limitation or other requirements. If too few clocks are available,
it may not be possible to satisfy operational requirements. Under these conditions, it may be possible to choose not
to compute the ensemble time until the requirements can be met. However, if the time must be used, it is always better
to compute the ensemble than to use a single member clock.

Another problem to be considered in the Kalman approach is the estimation of the parameters required by a Kalman
filter. The techniques that are normally applied are Allan variance analysis and maximum likelihood analysis. However,
in using the Allan variance, there is a problem in that the Allan variance is defined for equally spaced data. In an
operational scenario, where there are occasional missing data, the gaps may be bridged. But when data are irregularly
spaced, a more powerful approach is required.

The maximum likelihood approach determines the parameter set most likely to have resulted in the observations.
Equally spaced data are not required, but the data are batch processed. Furthermore, each step of the search for the
maximum requires a complete recomputation of the Kalman filter, which results in an extremely time consuming pro-
cedure. Both the memory needs and computation time are incompatible with real time or embedded applications.

A variance analysis technique compatible with irregular observations has been developed. The variance of the
innovation sequence of the Kalman filter is analyzed to provide estimates of the parameters of the filter. Like the Allan
variance analysis, which is performed on the unprocessed measurements, the innovation analysis requires only a
limited memory of past data. However, the forecast produced by the Kalman filter allows the computation to be per-
formed at arbitrary intervals once the algebraic form of the innovation variance has been calculated.

The innovation sequence has been used to provide real time parameter estimates for Kalman filters with equal
sampling intervals. The conditions for estimating all the parameters of the filter include (1) the system must be observ-
able, (2) the system must be invariant, (3) number of unknown parameters in Q (the system covariance) must be less
than the product of the dimension of the state vector and the dimension of the measurement vector, and (4) the filter
must be in steady state. This approach was developed for discrete Kalman filters with equal sampling intervals, and
without modification, cannot be used for mixed mode filters because of the irregular sampling which prevents the
system from ever reaching steady state. However, it is possible to proceed in a similar fashion by calculating the
variance of the innovations in terms of the true values of the parameters and the approximate gain and actual covariance
of the suboptimal Kalman filter that produces the innovation sequence. We describe two methods of parameter esti-
mation. The first method uses clock time difference estimates, while the second method uses the estimates of the
clocks with respect to the ensemble.

Parameter Estimation Method 1: The innovation vector is the difference between the observation and the prediction,
as follows:

Vilty) = Zj(ty) - Ht)X,(t1t) (73)

EV(t,)%(t) 1] = H(ty) P(ty1t ) H(ty) T +R(L,) (74)

since the measurement noise is uncorrolated with system noise for the clock difference filters.

Adaptive modeling begins with an approximate Kalman filter gain K. As the state estimates are computed, the
variance of the innovations on the left side of Equation 74 is also computed. The right side of this equation is written
in terms of the actual filter element values (covariance matrix elements) and the theoretical parameters. Finally, the
equations are inverted to produce improved estimates for the parameters. The method of solving the parameters for
discrete Kalman filters with equal sampling intervals is inappropriate here because the autocovariance function is highly
correlated from one lag to the next and the efficiency of data utilization is therefore small. Instead, only the autocov-
ariance of the innovations for zero lags, i.e., the covariance of the innovations, is used. The variances are given by
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ET 5(t+8)%(t+8) 1= Pho(tity+28PL, (11)+8° Ply(tit)+3° Plo(tlt)

i N
+8 P” tIt+ P” (t|t)+sg(t)5+s”(t)5—
w3
joa 8 2 j
+ 8Lz +0,(D+Sph (75)

for the case of a time measurement, and

ETV ,(1+8)% (t+8 = PL(tiny+28PL (t1t)+8° PL (1)

3
) I
+ sﬂ(t)5+sg(t)§ +0,,(1) (76)

for the case of a frequency measurement. It is assumed the oscillator model contains no hidden noise processes. This
means that each noise in the model is dominant over some region of the Fourier frequency space. The principal of
parsimony encourages this approach to modeling. Inspection of Equation 75 leads to the conclusion that each of the
parameters dominates the variance of the innovations in a unique region of prediction time interval, 8, making it possible
to obtain high quality estimates for each of the parameters through a bootstrapping process. It should be noted that
the white phase measurement noise can be separated from the clock noise only by making an independent assessment
of the measurement system noise floor.

For each parameter to be estimated, a Kalman filter is computed using a subset of the data chosen to maximize
the number of predictions in the interval for which that parameter makes the dominant contribution to the innovations.
The filters are designated O through 4, starting with zero for the main state estimation filter, which runs as often as
possible. Each innovation is used to compute a single-point estimate of the variance of the innovations for the corre-
sponding &. Substituting the estimated values of the remaining parameters, Equation 75 is solved for the dominant
parameter, and the estimate of that parameter is updated in an exponential filter of the appropriate length, for example,

(t+8)+S”(t+8) h=% (1+8)(1+8) - Pho(in-28P5 (11t

=87 PL(t11)-8°PL(t11)-82PL (tit)

vu

52 Aj 55

4
)
3 S¢ll5g

7 P (t1t)- sg(t)s- sﬂ(t) (77)

If the minimum sampling interval is too long, it may not be possible to estimate one or more of the parameters.
However, there is no deleterious consequence of the situation, since a parameter that cannot be estimated is not
contributing appreciably to the prediction errors. Simulation testing has shown that the previously described method
combines good data efficiency and high accuracy.

Each time a clock pair filter runs, a single estimate is obtained for one of the noise spectral densities or variances
of the clock, represented by Fil. A Kalman filter can be used to obtain an optimum estimate for all Fi, given all possible
measurements Fil. The Fifor a given noise type are formed into an N dimensional vector

Fi(t)
F(ey = |F2 (D)

F"kt)

(78)

The state transition matrix is just the N dimensional identity matrix. The noise vector is chosen to be nonzero in order
to allow the estimates to change slowly with time. This does not mean that the clock noises actually experience random
walk behavior, only that this is the simplest model that does not permanently lock in fixed values for the noises. The
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variances of the noises perturbing the clock parameters can be chosen based on the desired time constant of the
Kalman filter. Assuming that the noise is small, the Kalman gain is approximately 6g/c s 1he parameter value will
refresh every M measurements when its variance is set to 1/M2 of the variance of the single measurement estimate
of the parameter. A reasonable value for the variance of a single measurementis o, . being approximately equal to
2F!. The measurement matrix for the "ij*'th measurement is a 1 x N row vector whose "i"th and "j"th elements are unity
and whose remaining elements are zero, such that Hii =[0...010...010...0]. All the individual clock parameters are up-
dated each cycle of the Kalman recursion, even though the measurement involves only two clocks, because the prior
state estimates depend on the separation of variances involving all of the clocks.

The storage requirements for this approach are minimal. There are five N element state vectors, one for each of
the possible noise types (white phase noise, white frequency noise, white frequency measurement noise, random walk
frequency noise, and random walk frequency noise aging). There are also five N x N covariance matrixes. A total of
5N(N-1)/2 cycles of the Kalman recursion are currently believed necessary for the parameter update.

Parameter Estimation Method 2: A variance analysis technique compatible with irregular observations has been
developed. The variance of the innovation sequence of the time-scale calculation is analyzed to provide estimates of
the parameters of the filter. Like the Allan variance analysis, which is performed on unprocessed measurements, the
innovation analysis requires only limited memory of past data. However, the forecasts allow the computation to be
performed at arbitrary intervals once the algebraic form of the innovation variance has been calculated.

The innovation, C(tz), is calculated from Equation 64-24. This equation can be rearranged in the form

V(tz) =2(t2) —H(tz) )?(tzltl) _J-(.'(tz)

(64-32)
After squaring and taking the expectation value one finds
»» T T
E[ vv 1= H(t,) P(t,1t)H(t,) +A(L,) . (64-33)

Consider a Kalman filter to compute the estimates of )?j. Suppose the measurements for this filter are the Oj that
were computed during the time-scale computation. Such afilter has R = 0. Examination of Eq. 20 leads to the conclusion
that

ELY 5 ]1= Hity) Pyt ) H(ty) (64-34)

Evaluation of the terms on the right hand side leads to the equation

EL0(t+8) 3(1+8) ] [ @ (t+310) P (1) D(t+510) ],

5

(s + o2 (D+Shh (64-35)

. .3
+S’§(t)8+8’§(t)%+8’ %

g

Each cycle of the filter is used to compute a primitive estimate of the variance of the innovations, where the inno-
vation is a scalar equal to Gj(t + 3lt + 8) - G;(t + 3lt).

3 , 5

SL(t+8)3 + s’(t+5)% 4 S’C(t+8)g—o o2 (t+3) + S

=

Vialt8)V,(1+8) {181 P D(t+511) T (64-36)

where
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. 4
[@(t+51) Pty D(t+518) ) Too = P’ (tt) + 25P’ (tit) + & P’ (tty+ 8 P’ (tty + & P’ (tt) + 54P’22(t|t) (64-37)

The spectral densities are calculated based on the assumption that the oscillator model contains no hidden noise
processes. This means that each noise in the model is dominant over some region of Fourier frequency space. The
principle of parsimony encourages this approach to modeling. Inspection of Equation 64-37 leads to the conclusion
that each of the parameters dominates the variance of the innovations in a unique region of prediction time interval,
8, making it possible to obtain high-quality estimates for each of the parameters through a bootstrapping process. Note
that the white phase measurement noise can be separated from the clock noise only by making an independent as-
sessment of the measurement system noise floor.

For each parameter to be estimated, a Kalman filter is computed using a subset of the data chosen to maximize
the number of predictions in the interval for which that parameter makes the dominant contribution to the innovations.
Five filters should be sufficient to estimate parameters in atime-scale of standard and high performance cesium clocks,
active hydrogen masers, and mercury ion frequency standards. The filter are designated 1 through 5, starting with 1
for the main state estimation filter. Each innovation is used to compute a single-point estimate of the variance of the
innovations for the corresponding §. Substituting the estimated values of the remaining parameters, Eq. 24 is solved
for the dominant parameter, and the estimate of that parameter is updated in an exponential filter of the appropriate
length. If the minimum sampling interval is too long, it may not be possible to estimate one or more of the parameters.
However, there is no deleterious consequence of this situation, since a parameter that cannot be estimated is not
contributing appreciably to the prediction errors. Simulation testing in the case of a single clock has shown that the
previously described method combines good data efficiency and high accuracy. The following is an example of an
appropriate procedure. The measurement noise is assumed to lie between o, (1s) = 1 x 1012 and 1 x 1011,

FILTER 1 Runs at a nominal sampling rate of 300 seconds. Such fast data acquisition is important for real-time control.
It is also fast enough to permit the estimation of the white phase noise for active hydrogen masers. The source of this
noise is the measurement system. The same level of white phase noise should be assigned to all time measurement
channels. No other parameters should be (/a\stimat/(\ad using this filter. To determine whether the white phase noise may
be measured for a given clock, verify that Sg'h > S§8.

FILTER 2 Runs at a nominal sampling rate of 3 hours. This sampling rate is appropriate for estimating the white fre-
quency noise of all the clocks including theAmercu/(y ion de/yices.ATo determine whether the white frequency noise may
be estimated for a given clock, verify that SB'h < S§8 and S§8 > Sué%/3. Frequency steps may be detected.

FILTER 3 Runs at a nominal sampling rate of 1 day. This sampling rate is appropriate for estimating the random walk
frequency noise for active hyg\roger)\masers. Tg\determir}\e whether the random walk frequency noise may be estimated
for a given clock, verify that S8 < §,8%3 and S,8%/3 > §,8%20. Frequency steps may be detected.

FILTER 4 Runs at a nominal sampling rate of/fl days. To g\eterming\whether the random walk frequency noise may be
estimated for a given clock, verify that S¢8 < S 83/3 and S 83/3 > SC85/20 Frequency steps may be detected.
FILTER 5 Runs at a nominal sampling rate of 16 days To determlne whether the random walk frequency noise may
be estimated for a given clock, verify that S§8 < S 83 and S 83/3 > S§85/20 Frequency steps may be detected.

An implementation of the present invention WI|| now be described with respect to Figure 1. Figure 1 illustrates a
circuit for obtaining a computation of ensemble time from an ensemble of clocks 10. The ensemble 10 includes N
clocks 12. The clocks 12 can be any combination of clocks suitable for use with precision time measurement systems.
Such clocks may include, but are not limited to cesium clocks, rubidium clocks, hydrogen maser clocks and quartz
crystal oscillators. Additionally, there is no limit on the number of clocks.

Each of the N clocks 12 produces a respective signal iy, Ho, Ha,..., Ly Which is representative of its respective
frequency output. The respective frequency signals are passed through a passive power divider circuit 14 to make
them available for use by a time measurement system 16, which obtains the time differences between designated ones
of the clocks 12. As discussed above, the desired time differences are the differences between the one of the clocks
12 designated as a hardware reference clock and the remaining clocks 12. The clock 12 which acts as the reference
clock can be advantageously changed as desired by an operator. For example, if clock 12 designated "clock 1" is
chosen to be the reference clock, the time measurement system 16 determines the differences between the reference
clock and the remaining clocks, which are represented by 75, Zy3, Z14,... Zqy. These data are input to a computer 18
for processing in accordance with the features of the present invention as described above, namely, the complete
ensemble definition as provided above. When the ensemble definition as provided by Equations 23 - 25 is provided
for in Kalman filters, and since the Kalman filters are software-implemented, the Kalman filters can be stored in memory
20. The computer 18 accesses the memory 20 for the necessary filters as required by the system programming in
order to carry out the time scale computation. The weights and other required outside data are input by operator through
a terminal 22. Upon completion of the processing of the clock data via the Kalman filters according to the present
invention, an estimate of the ensemble time is output from the computer 20 to be manipulated in accordance with the
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requirements of the user.

As discussed above, Kalman filters have been previously used in connection with ensembles to obtain ensemble
time estimates. These Kalman filters embodied the previous incomplete ensemble definitions in Kalman form for the
appropriate processing. Accordingly, it will be appreciated by those skilled in the art that the actual implementation of
the Kalman equations into a time measurement system as described above and the appropriate programming for the
system are procedures known in the art. As also should be appreciated, by providing a complete definition of the
ensemble, the present system generally provides a superior calculation of the ensemble time with respect to prior art.

While one embodiment of the invention has been discussed, it will be appreciated by those skilled in the art that
various modifications and variations are possible without departing from the spirit and scope of the invention.

Claims

1. A system for providing an ensemble time comprising:

a plurality of clocks, each of said plurality of clocks providing a clock signal;

first means for measuring differences between clock signal related parameters for pairs of clocks of said
plurality of clocks; and

second means, which uses said differences, for providing a first ensemble time characterized in that, said
second means includes means for implementing an ensemble time definition that has a plurality of solutions which
are representative of an ensemble time and means for constraining said plurality of solutions to a number of so-
lutions that is less than said first plurality of solutions.

2. Asystem, as claimed in Claim 1, wherein:
said second means includes means for providing an estimate of the state of each clock of said plurality of
clocks and means for causing the variance of the estimate of the state of each clock of said plurality of clocks to
be substantially equal to the true variance of the time states.

3. Asystem, as claimed in Claim 1, wherein:
said second means includes means for providing an estimate of the state of each clock of said plurality of
clocks and means for weighting the estimate of the state of each clock of said plurality of clocks that is proportional
to the rms noise of the state of each said clock.

4. A system, as claimed in Claim 1, wherein:
said second means includes means for providing an estimate of the state of each clock of said plurality of
clocks, means for weighting the estimates of the state of each clock of said plurality of clocks to obtain better
estimates of the true states of said plurality of clocks, said means for weighting includes a first set of weights, and
said means for constraining includes a second set of weights that is different than said first set of weights to improve
robustness of said first ensemble time.

5. Asystem, as claimed in Claim 1, wherein:
said second means includes means for providing a substantially unbiased estimate of the spectral density
of each clock of said plurality of clocks.

6. A system, as claimed in Claim 1, wherein:

said first ensemble time has a first sampling interval and substantially optimal performance over a first range
of sampling intervals;

said second means includes means for providing a second ensemble time has a second sampling interval
that is different than said first sampling interval and substantially optimal performance over a second range of
sampling intervals and means for combining said first ensemble time and said second ensemble time to provide
a third ensemble time that has substantially optimal over a third range of sampling intervals that is greater than
said first and second sampling intervals.

7. Asystem, as claimed in Claim 6, wherein:
said means for combining includes means for phase-locking said first ensemble time and said second en-

semble time.

8. A system, as claimed in Claim 6, wherein:
said means for combining includes a second-order phase-locked loop for use in combining said first ensemble
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time and said second ensemble time.

Patentanspriiche

1.

System zur Schaffung einer Ensemblezeit, aufweisend:

mehrere Takigeber, wobei jeder der mehreren Takigeber ein Takisignal bereitstellt, eine erste Einrichtung zur
Messung von Unterschieden zwischen den Parametern beziiglich Takisignalen fur Takigeberpaare der meh-
reren Taktgeber, und

eine zweite Einrichtung, die die Unterschiede ausniizt, um eine erste Ensemblezeit zu schaffen,

dadurch gekennzeichnet,

dafB die zweite Einrichtung eine Einrichtung zur Implementierung einer Ensemblezeit-Definition, die mehrere L&-
sungen aufweist, die eine Ensemblezeit wiedergeben, und eine Einrichtung aufweist, um die mehreren Lésungen
auf eine Anzahl von Lésungen zu beschranken, die weniger als die erste Anzahl an Lésungen betragt.

System nach Anspruch 1, bei dem

die zweite Einrichtung eine Einrichtung zur Schaffung einer Abschatzung des Zustands von jedem Takigeber der
mehreren Takigeber und eine Einrichtung aufweist, die die Varianz der Abschétzung des Zustands von jedem
Taktgeber der mehreren Takigeber im wesentlichen auf die wahre Varianz der Zeitzustande bringt.

System nach Anspruch 1, bei dem

die zweite Einrichtung eine Einrichtung zur Schaffung einer Abschatzung des Zustands von jedem Takigeber der
mehreren Takigeber und eine Einrichtung zur Gewichtung der Abschatzung des Zustands von jedem Takigeber
der mehreren Taktgeber aufweist, die proportional zu dem Effektivwert des Rauschens des Zustands von jedem
Taktgeber ist.

System nach Anspruch 1, bei dem

die zweite Einrichtung eine Einrichtung zur Schaffung einer Abschatzung des Zustands von jedem Takigeber der
mehreren Taktgeber, und eine Einrichtung zur Gewichtung der Abschatzungen des Zustands von jedem Takigeber
der mehreren Taktgeber, um bessere Abschétzungen der wahren Zustande der mehreren Takigeber zu erhalten,
aufweist, wobei die Einrichtung zur Gewichtung eine erste Gruppe an Gewichtungen aufweist und die Einrichtung
zur Beschrankung eine zweite Gruppe an Gewichten aufweist, die sie von den ersten Gruppen an Gewichtungen
unterscheidet, um die Robustheit der ersten Ensemblezeit zu verbessern.

System nach Anspruch 1, bei dem
die zweite Einrichtung eine Einrichtung zur Schaffung eines im wesentlichen erwartungstreuen Abschéatzwert der
Spektraldichte von jedem Takigeber der mehreren Takigeber aufweist.

System nach Anspruch 1, bei dem

die erste Ensemblezeit ein erstes Abtastintervall und eine im wesentlichen optimale Leistung, Gber den ersten
Bereichen an Abtastintervallen aufweist,

die zweite Einrichtung eine Einrichtung zur Schaffung einer zweiten Ensemblezeit ein zweites Abtastintervall
aufweist, daf3 sich von dem ersten Abtastintervall unterscheidet und im wesentlichen eine optimale Leistung
Uber dem zweiten Bereich an Abtastintervallen bringt, und eine Einrichtung zur Kombination der ersten En-
semblezeit und der zweiten Ensemblezeit aufweist, um eine dritte Ensemblezeit zu schaffen, die im wesent-
lichen eine optimale Leistung Uber den dritten Bereich an Abtastintervallen aufweist, der gréBer ist als die
ersten und die zweiten Abtastintervalle.

System nach Anspruch 6, bei dem
die Einrichtung der Kombination eine Einrichtung zur Phasenverriegelung der ersten Ensemblezeit und der zweiten
Ensemblezeit aufweist.

System nach Anspruch 6, bei dem

die Einrichtung zur Kombination eine phasenverriegelte Schleife zweiter Ordnung aufweist, um sie bei der Kom-
bination der ersten Ensemblezeit mit der zweiten Ensemblezeit zu benutzen.
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Revendications

1.

Systéme destiné a donner un temps d'ensemble, comprenant :

une pluralité d'horloges, chaque horloge de cette pluralité donnant un signal d'horloge ;

un premier moyen servant & mesurer les différences entre les paramétres concernant les signaux d'horloges,
pour des paires d'horloges de la pluralité d'horloges ; et

un deuxiéme moyen qui utilise ces différences pour donner un premier temps d'ensemble,

caractérisé en ce que le deuxiéme moyen comprend un moyen destiné & metire en oeuvre une définition de
temps d'ensemble comportant une pluralité de solutions représentatives d'un temps d'ensemble, et un moyen
destiné a limiter la pluralité de solutions & un nombre de solutions inférieur a la premiére pluralité de solutions.

Systéme selon la revendication 1, dans lequel le deuxiéme moyen comprend un moyen destiné a donner une
estimation de I'état de chaque horloge de la pluralité d'horloges, et un moyen destiné a faire en sorte que la variance
de l'estimation de I'état de chaque horloge de la pluralité d'horloges soit sensiblement égale a la véritable variance
des états de temps.

Systéme selon la revendication 1, dans lequel le deuxiéme moyen comprend un moyen destiné a donner une
estimation de I'état de chaque horloge de la pluralité d'horloges, et un moyen de pondération de I'estimation de
I'état de chaque horloge de la pluralité d'horloges qui est proportionnel & la valeur quadratique moyenne du bruit
de I'état de chaque horloge.

Systéme selon la revendication 1, dans lequel le deuxiéme moyen comprend un moyen destiné a donner une
estimation de I'état de chaque horloge de la pluralité d'horloges, un moyen de pondération des estimations de
I'état de chaque horloge de la pluralité d'horloges pour obtenir de meilleures estimations des états véritables de
la pluralité d'horloges, ce moyen de pondération comprenant une premiére série d'éléments de pondération, et le
moyen de limitation comprenant une deuxiéme série d'éléments de pondération qui est différente de la premiére
série d'éléments de pondération, afin d'améliorer la robustesse du premier temps d'ensemble.

Systéme selon la revendication 1, dans lequel le deuxiéme moyen comprend un moyen destiné a donner une
estimation sensiblement impartiale de la densité spectrale de chaque horloge de la pluralité d'horloges.

Systéme selon la revendication 1, dans lequel le premier temps d'ensemble a une premiére période d'échantillon-
nage et une performance sensiblement optimale, dans une premiére gamme de périodes d'échantillonnage ;

le deuxidme moyen comprend un moyen destiné a donner un deuxiéme temps d'ensemble dont une deuxié-
me période d'échantillonnage est différente de la premiére période d'échantillonnage et qui a une performance
sensiblement optimale dans une deuxiéme gamme de périodes d'échantillonnage, et un moyen pour combiner le
premier temps d'ensemble et le deuxiéme temps d'ensemble afin de fournir un troisiéme temps d'ensemble ayant
une performance sensiblement optimale dans une troisieme gamme de périodes d'échantillonnage, qui est supé-
rieure aux premiére et deuxidme périodes d'échantillonnage.

Systéme selon la revendication 6, dans lequel le moyen permettant de combiner comprend un moyen d'asservis-
sement de phase du premier temps d'ensemble et du deuxiéme temps d'ensemble.

Systéme selon la revendication 6, dans lequel le moyen permettant de combiner comprend une boucle a phase

asservie du second ordre destinée a étre utilisée pour combiner le premier temps d'ensemble avec le deuxiéme
temps d'ensemble.
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